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1 Introduction 

o. 

^1 , Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m 

dimensional minimal submanifolds which may be defined in C m , or in Calabi- 
Yau m-folds, or more generally in almost Calabi-Yau m-folds (compact Kahler 
m-folds with trivial canonical bundle). We write an almost Calabi-Yau m-fold 
as M or (M, J, w,f2), where the manifold M has complex structure J, Kahler 
form co and holomorphic volume form f2. 

This is the fifth in a series of five papers (151 1161 1171 IT%] studying SL m-folds 
' with isolated conical singularities. That is, we consider an SL m-fold X in an 

CNj , almost Calabi-Yau m-fold M for m > 2 with singularities at x\, . . . ,x n in M, 

such that for some special Lagrangian cones Ci in T Xi M = C m with Ci \ {0} 
nonsingular, X approaches Ci near Xi, in an asymptotic C 1 sense. 

New readers of the series are advised to begin with this paper. We shall 
£T) '. survey the major results of ^1 El Ell EH > giving explanations, but avoiding 

the long, technical analytic proofs of previous papers. We also integrate the 
results to give an (incomplete) description of the boundary of a moduli space 
of compact SL m-folds, and apply them to prove some conjectures in [71EJ on 
connected sums of SL m-folds, and T 2 -cone singularities of SL 3-folds. 

Having a good understanding of the singularities of special Lagrangian sub- 
manifolds will be essential in clarifying the Strominger-Yau-Zaslow conjecture 
V~j ■ on the Mirror Symmetry of Calabi-Yau 3-folds and also in resolving conjec- 

rS ! tures made by the author on defining new invariants of Calabi-Yau 3-folds 

by counting special Lagrangian homology 3-spheres with weights. The series 
aims to develop such an understanding for simple singularities of SL m-folds. 

We begin in S0with an introduction to almost Calabi-Yau and special La- 
grangian geometry, and the deformation theory of compact SL m-folds. Section 
defines SL m-folds with conical singularities, our subject, gives examples of 
special Lagrangian cones, and some basics on homology and cohomology. 

Section 0] describes the first paper JS] on the regularity of SL m-folds X 
with conical singularities x\, . . . ,x n . We study the asymptotic behaviour of X 
and its derivatives near Xi, how quickly it converges to the cone C,. 

In §^[we discuss the second paper JD1 on the deformation theory of compact 
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SL m-folds A with conical singularities in an almost Calabi-Yau m-fold M. We 
find that the moduli space M x of deformations of A in M is locally homeomor- 
phic to the zeroes of a smooth map $ : X x > — > O x > between finite-dimensional 
vector spaces, and if the obstruction space O x > is zero then A4 X is a smooth 
manifold. We also study deformations in smooth families of almost Calabi-Yau 
m-folds (M, J s ,uj s ,n s ) for s £ T CW 1 . 

Section is an aside on Asymptotically Conical SL m-folds (AC SL in- 
folds) in C m , that is, nonsingular, noncompact SL m-folds L in C m which are 
asymptotic at infinity to an SL cone C at a prescribed rate A. Our main sources 
are [T51 §7] and Marshall EJJ The theories of AC SL m-folds and SL m-folds 
with conical singularities are similar in many respects. 

Section explains the third and fourth papers |17II18| on desingularizations 
of a compact SL m-fold X with conical singularities x% with cones Cj for i — 
1, . . . , n in an almost Calabi-Yau m-fold M. We take AC SL m-folds L, in C m 
asymptotic to Ci at infinity, and glue tLi into X at Xi for small t > to get 
a smooth family of compact, nonsingular SL m-folds A* in M, with A* — > A 
as i — * 0. We also study desingularizations in families of almost Calabi-Yau 
m-folds (M, J s , w s , ft s ) for sef. 

The new material of the paper is flSt- fllPI We study the moduli space M N 
of compact, nonsingular SL m-folds N in H21 the moduli space M x of compact 
SL m-folds X with conical singularities in and the moduli space M.\ of AC 
SL m-folds in C m with rate A in Section [S] explains how these three kinds 
of moduli space fit together. 

The idea is that M N has a compactification M N with boundary dM N — 
M. N \M N consisting of singular SL m-folds. Suppose N is constructed as in SJ3 
by desingularizing X with conical singularities x±, .. . ,x n by gluing in AC SL 
m-folds Li, . . . , L„. Then in good cases we expect M x C dM N , and A^n may 
be locally modelled on a subset of A4 X x M° Li x ■ ■ • x A4° n near A. 

Section [5] considers connected sums of SL m-folds. Suppose A is a compact, 
immersed SL m-fold in M with transverse self-intersection points x±, . . . , x n . 
This includes the case where A is a union of q > 1 embedded SL m-folds 
Ai , . . . , A g , and the intersections between Aj and A^. Then we can 

consider A to be an SL m-fold with conical singularities, with each cone Ci the 
union of two transverse SL m-planes 11+ , IL~ = R m in C m . 

When n+ satisfy an angle criterion, Lawlor |19j constructed a family of AC 
SL m-folds Lf' A for A > with cone 11+ U IT", diffeomorphic to S'"" 1 x E. 
We apply the results of 33 to construct SL m-folds A* by gluing tLf' A into A 
at a;^. These A* are multiple connected sums of A with itself. In this way we 
re-prove and extend a result of Lee . 

Finally, H10I studies SL 3-folds A with conical singularities with cone C 
the U(l) 2 -invariant SL T 2 -cone due to Harvey and Lawson 4, §111. 3. A]. These 
have particularly nice properties. For instance, the moduli space M. x is always 
smooth, and under topological conditions the compactified moduli space M N 
of desingularizations N is near X a nonsingular manifold with boundary J\A. X . 
We prove several conjectures from [71 ITT] ■ 
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2 Special Lagrangian geometry 

We begin with some background from symplectic geometry. Then special La- 
grangian submanifolds (SL m-folds) are introduced both in C m and in almost 
Calabi-Yau m-folds. We also describe the deformation theory of compact SL 
m-folds. Some references for this section are McDuff and Salamon |22], Harvey 
and Lawson 0|, McLean and the author |14| . 

2.1 Background from symplectic geometry 

We start by recalling some elementary symplectic geometry, which can be found 
in McDuff and Salamon [221 • Here are the basic definitions. 

Definition 2.1 Let M be a smooth manifold of even dimension 2m. A closed 
2-form oj on M is called a symplectic form if the 2m-form u) m is nonzero at every 
point of M. Then (M, to) is called a symplectic manifold. A submanifold N in 
M is called Lagrangian if dim N = m = i dimM and lu\n = 0. 

The simplest example of a symplectic manifold is R 2m . 

Definition 2.2 Let K 2m have coordinates (x\, . . . , x m , y%, . . ., y m ), and define 
the standard metric g 1 and symplectic form u>' on R 2m by 

rn rn 

g = ^(da; 2 + dyf) and u' = V] dxj A dyj. (1) 
j'=i j'=i 

Then (IR 2m ,u/) is a symplectic manifold. When we wish to identify M 2m with 
C m , we take the complex coordinates (z\, ■ ■ ■ , z m ) on C m to be Zj = Xj + ijjj. 
For i? > 0, define Br to be the open ball of radius R about in R 2m . 

Darboux's Theorem |221 Th. 3.15] says that every symplectic manifold is 
locally isomorphic to (R 2m ,a/). Our version easily follows. 

Theorem 2.3 Let (M,lu) be a symplectic Im-manifold and x s M. Then 
there exist R > and an embedding T : Br —> M with T(0) = x such that 
T*(lo) — u' , where lo' is the standard symplectic form on M 2m D Br. Given an 
isomorphism v : R ^T X M with v*(u>\ x ) — ui', we can choose T with dY|o = w. 

Let N be a real m-manifold. Then its tangent bundle T*N has a canonical 
symplectic form to, defined as follows. Let (x\, . . . ,x m ) be local coordinates 
on N . Extend them to local coordinates (x%, . . . , x m , yi, . . . , y m ) on T*N such 
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that (xi, . . . , y m ) represents the 1-form y\dx\ + • • • + y m dx m in T* xi x siV. 
Then Cj — dx\ A dy\ + • • • + dx m A dy m . 

Identify N with the zero section in T* N . Then N is a Lagrangian submani- 
fold of T*N. The Lagrangian Neighbourhood Theorem |22l Th. 3.33] shows that 
any compact Lagrangian submanifold N in a symplectic manifold looks locally 
like the zero section in T*N . 

Theorem 2.4 Let (M,lu) be a symplectic manifold and N C M a compact 
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of 
the zero section N in T*N , and an embedding $ : U — > M with $|jv = id : N — > 
N and $*(cj) = u>, where u) is the canonical symplectic structure on T* N . 

We shall call U, $ a Lagrangian neighbourhood of iV. Such neighbourhoods 
are useful for parametrizing nearby Lagrangian submanifolds of M. Suppose 
that N is a Lagrangian submanifold of M which is C 1 -close to N. Then N 
lies in $(£/), and is the image <£>(T(a)) of the graph T(a) of a unique C 1 -small 
1-form a on N. 

As N is Lagrangian and $*(cj) = a) we see that <2>\r( a ) = 0. But one can easily 
show that w|r(a) = — 7r*(da), where 7r : T(a) — > TV is the natural projection. 
Hence da = 0, and a is a closed 1-form. This establishes a 1-1 correspondence 
between small closed 1-forms on N and Lagrangian submanifolds N close to N 
in M, which is an essential tool in proving the results of [JSJand S[7| 



2.2 Special Lagrangian submanifolds in C m 

We define calibrations and calibrated submanifolds, following 0j. 

Definition 2.5 Let (M,g) be a Riemannian manifold. An oriented tangent 
k-plane V on M is a vector subspace V of some tangent space T X M to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent fc-plane on 
M then g\y is a Euclidean metric on V , so combining g|y with the orientation 
on V gives a natural volume form voly on V, which is a fc-form on V. 

Now let ip be a closed fc-form on M. We say that <p is a calibration on M if 
for every oriented fc-plane F on M we have y|y ^ voly. Here ip\y — a ■ voly 
for some a G M, and tp\v ^ voly if a 1. Let TV be an oriented submanifold 
of M with dimension fc. Then each tangent space T X N for x € N is an oriented 
tangent fc-plane. We say that N is a calibrated submanifold if (/jIt^at = vo1t x at 
for all x <E N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds Th. II.4.2]. Here is the definition of special Lagrangian sub- 
manifolds in C m , taken from §111] . 

Definition 2.6 Let C m have complex coordinates (zi, . . . ,z m ), and define a 
metric g' , a real 2-form u>' and a complex m-form f2' on C m by 

,g' = |dzi| 2 H h |dz m | 2 , a;' = |(dzi A di?i H hdz m Ad£ m ), 

and Q 1 = dzi A • • • A dz m . 
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Then g',oj' are as in Definition 12.21 and Refl' and Imfl' are real m- forms on 
C m . Let L be an oriented real submanifold of C m of real dimension m. We say 
that L is a special Lagrangian submanifold of C m , or SL m-fold for short, if L 
is calibrated with respect to Re SI', in the sense of Definition 12.51 

Harvey and Lawson 0] Cor. III. 1.11] give the following alternative charac- 
terization of special Lagrangian submanifolds: 

Proposition 2.7 Let L be a real m- dimensional submanifold of C m . Then L 
admits an orientation making it into an SL submanifold of C m if and only if 
u'\ L = and Imft'|z = 0. 

Thus special Lagrangian submanifolds are Lagrangian submanifolds satisfy- 
ing the extra condition that Imfi'l/, = 0, which is how they get their name. 

2.3 Almost Calabi— Yau m-folds and SL m-folds 

We shall define special Lagrangian submanifolds not just in Calabi- Yau mani- 
folds, as usual, but in the much larger class of almost Calabi-Yau manifolds. 

Definition 2.8 Let m ^ 2. An almost Calabi-Yau m-fold is a quadruple 
(M, J, such that (M,J) is a compact m-dimcnsional complex manifold, 

u> is the Kahler form of a Kahler metric g on M, and f2 is a non- vanishing 
holomorphic (m, 0)-form on M. 

We call (M, J, w, f2) a Calabi-Yau m-fold if in addition lo and Q satisfy 

uj m /m\ = (-l) m ( m - 1 V 2 (i/2) m fi A n. (3) 

Then for each x S M there exists an isomorphism T a M = C m that identifies 
g x ,Lu x and fi x with the flat versions g',oj',Q! on C m in 0. Furthermore, 5 is 
Ricci-flat and its holonomy group is a subgroup of SU(m). 

This is not the usual definition of a Calabi-Yau manifold, but is essentially 
equivalent to it. 

Definition 2.9 Let (M, J, u, f2) be an almost Calabi-Yau m-fold, and N a real 
m-dimcnsional submanifold of M. We call N a special Lagrangian submanifold, 
or SL m-fold for short, if oj \ n = Imfi|jv = 0. It easily follows that Ref2|jv is a 
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in 
which Ref2|jv is positive. 

Again, this is not the usual definition of SL m-fold, but is essentially equiv- 
alent to it. In Definition 19.91 we give a more general definition of SL m-fold 
involving a phase e t6 . Suppose (M,J,u>,fl) is an almost Calabi-Yau m-fold, 
with metric g. Let tp : M — > (0, 00) be the unique smooth function such that 

^V/m! = {-l) m{m - 1)/2 {i/2) m n A O, (4) 

and define g to be the conformally equivalent metric ip 2 g on M. Then Re 51 is a 
calibration on the Riemannian manifold (M, g), and SL m-folds N in (M, J, u>, ft) 
are calibrated with respect to it, so that they are minimal with respect to g. 
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If M is a Calabi-Yau m-fold then ijj = 1 by ||3J, so g = g, and an m- 
submanifold N in M is special Lagrangian if and only if it is calibrated w.r.t. 
Re fi on (M , g), as in Definition ^. 61 This recovers the usual definition of special 
Lagrangian m-folds in Calabi-Yau m-folds. 

2.4 Deformations of compact SL m-folds 

The deformation theory of special Lagrangian submanifolds was studied by 
McLean |241 §3], who proved the following result in the Calabi-Yau case. The 
extension to the almost Calabi-Yau case is described in §9.5]. 

Theorem 2.10 Let N be a compact SL m-fold in an almost Calabi-Yau m-fold 
(M, J,u),fl). Then the moduli space M. N of special Lagrangian deformations of 
N is a smooth manifold of dimension b (N), the first Betti number of N. 

Here is a sketch of the proof of Theorem I2.1UI Let g be the Kahler metric 
on M, and define ip : M — > (0, oo) by l@J. Applying Theorem 12 . 41 gives an open 
neighbourhood U of N in T*N and an embedding $ : U — » M. Let n : U — » N 
be the natural projection. Define an m-form j3 on U by (3 = $*(Imf2). If a is a 
1-form on N let L(a) be the graph of a in T*N, and write C°°(U) C C°°{T*N) 
for the subset of 1-forms whose graphs lie in U. 

Then each submanifold N of M which is C 1 -close to N is $(L(a)) for some 
small a S C°°(U). Here is the condition for N to be special Lagrangian. 

Lemma 2.11 In the situation above, if a £ C°°(U) then N = &[T(a)) is a 
special Lagrangian m-fold in M if and only if da — and 7r*(/3|r( a )) = 0. 

Proof. By Definition 12.91 N is an SL m-fold if and only if u>\^ = Imfi|^v = 0. 
Pulling back by $ and pushing forward by tt : T(a) — > N, we see that N is 
special Lagrangian if and only if 7r* (cD|r( Q )) = 7r*(/3|r(a)) = 0; since = lu 

and <&*(Imf2) = f3. But 7T* (Cu\ r ^ a ^ = —da, and the lemma follows. □ 

We rewrite the condition 7r* (/3|r( Q )) = in terms of a function F. 

Definition 2.12 Define F : C°°(U) -> C°°(N) by tt„ (/3| r(ct) ) = F(a)dV g , 
where dV g is the volume form of g\w on N. Then Lemma [2.111 shows that if 
a G C°°(U) then $(L(a)) is special Lagrangian if and only if da = F(a) = 0. 

In | 16l Prop. 2.10] we compute the expansion of F up to first order in a. 

Proposition 2.13 This function F may be written 

F(a)[x] = -d*(y™a) + Q(x,a(x),Va{x)) forxeN, (5) 

where Q : {(x,y,z) : x 6 N, y S T*N n U, z G ® 2 T*7V} — > K is smooth and 
Q{x, y, z) = 0(\y\ 2 + \z\ 2 ) for small y, z. 
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From Definition 12 . 1 21 and Proposition ^. 131 we see that the moduli space Ai N 
of special Lagrangian deformations of N is locally approximately isomorphic 
to the vector space of 1-forms a with da = d*(ip m a) — 0. But by Hodge 
theory, this is isomorphic to the de Rham cohomology group H 1 (N, R), and is 
a manifold with dimension 6 1 (iV). 

To carry out this last step rigorously requires some technical machinery: one 
must work with certain Banach spaces of sections of A k T*N for k — 0, 1, 2, use 
elliptic regularity results to prove that the map a i— > (da, d-F'lo(a)) is surjective 
upon the appropriate Banach spaces, and then use the Implicit Mapping Theo- 
rem for Banach spaces to show that the kernel of the map is what we expect. 
This concludes our sketch of the proof of Theorem 12. 1UI 

Finally we extend of Theorcm l2.10l to families of almost Calabi-Yau m-folds. 

Definition 2.14 Let (M, J, w,f2) be an almost Calabi-Yau m-fold. A smooth 
family of deformations of (M, J, w, f2) is a connected open set T C R d for d ^ 
with S T called the base space, and a smooth family {(M, J s ,uj s ,Q s ) : s G J 7 } 
of almost Calabi-Yau structures on M with ( J°, w°, fi°) = (J, u>, fi). 

If N is a compact SL m-fold in (M, J, u>, f2), the moduli of deformations of 
N in each (M, J s ,u> s , fi s ) for s£f make up a big moduli space A4^. 

Definition 2.15 Let {(M, J s , w s , f2 s ) : s 6 .F} be a smooth family of defor- 
mations of an almost Calabi-Yau m-fold (M, J, ui, fl), and A be a compact SL 
m-fold in [M, J, ui,fl). Define the moduli space M.^ of deformations of N in 
the family J- to be the set of pairs (s, N) for which s G T and TV is a compact SL 
m-fold in (M, J s , uo s , 57 s ) which is diffeomorphic to A and isotopic to N in M. 
Define a projection ir^ : — > F by ^(sjN) = s. Then Af^ has a natural 
topology, and 7^ is continuous. 

The following result is proved by Marshall (HI Th. 3.2.9], using similar 
methods to Theorem 12 .101 

Theorem 2.16 Let {(M, J s , u> s , fi s ) : s £ F} &e a smooth family of deforma- 
tions of an almost Calabi-Yau m-fold (M, J, oj, fi) ; with base space F C R d . 
Suppose N is a compact SL m-fold in (M, J,w,f2) wim [a; s | jv] = m H 2 (N,M) 
and [lmfl s \N] — in H m (N,M) for all sGf. Let A4£ &e me moduli space of 
deformations of N in F, and ix^ : — » F the natural projection. 

Then A4^ is a smooth manifold of dimension d + b 1 (N), and ir^ : J\A T N — > F 
a smooth submersion. For small s £ f the moduli space A4 S N = (tt^) _1 (s) of 
deformations of N in (M, J s ,cu s ,Q s ) is a nonempty smooth manifold of dimen- 
sion ^(N), with M° N = M N . 

Here a necessary condition for the existence of an SL m-fold N isotopic to 
N in (M, J s ,u> s ,Q s ) is that [uj s \ n ] = [Imfi s |;v] = in H*(N,R), since [u s \ N ] 
and [w s |jv] are identified under the natural isomorphism between H 2 (N,M.) and 
iJ 2 (iV,R), and similarly for ImQ 8 . 

The point of the theorem is that these conditions [w s |at] = [Imf2 s |jv] = 
are also sufficient for the existence of N when s is close to in F. That is, 
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the only obstructions to existence of compact SL m-folds when we deform the 
underlying almost Calabi-Yau m-fold are the obvious cohomological ones. 

3 SL cones and conical singularities 

We begin in t|3.1l with some definitions on special Lagrangian cones. Section [3. 21 
gives examples of SL cones, and M3.3l dcfmcs SL m-folds with conical singularities, 
the subject of the paper. Section 13 . 41 discusses homology and cohomology of SL 
m-folds with conical singularities. 

3.1 Preliminaries on special Lagrangian cones 

We define special Lagrangian cones, and some notation. 

Definition 3.1 A (singular) SL m-fold C in C m is called a cone if C = tC for 
all t > 0, where tC — {<x : x £ C}. Let C be a closed SL cone in C m with an 
isolated singularity at 0. Then E = Cn<S 2m_1 is a compact, nonsingular (to— 1)- 
submanifold of <S 2m_1 , not necessarily connected. Let <? s be the restriction of 
g' to E, where <?' is as in (J2J. 

Set C = C\ {0}. Define i : E x (0, oo) -► C m by i(cr, r) = m. Then t has 
image C . By an abuse of notation, identify C with E x (0, oo) using l. The 
cone metric on C" = E x (0, oo) is </' = = dr 2 + r 2 g E . 

For a S M, we say that a function u : C — > R is homogeneous of order 
a if u o t = t Q u for all f > 0. Equivalently, u is homogeneous of order a if 
u(ct, r) = r a v(a) for some function w : E — > K. 

In |15l Lem. 2.3] we study homogeneous harmonic functions on C". 

Lemma 3.2 In the situation of Definition WH let u(a,r) = r a v(o~) be a ho- 
mogeneous function of order a on C" = E x (0,oo), for v £ C 2 (E). Then 

Au(a,r) = r a ~ 2 (A s v - a{a + m - 2)v) , (6) 

where A, A s are the Laplacians on (C ,g') and (E,(7 E ). Hence, u is harmonic 
on C if and only if v is an eigenfunction of A s with eigenvalue a(a + m — 2). 

Following |151 Def. 2.5], we define: 
Definition 3.3 In the situation of Definition 13. II suppose m > 2 and define 

P E = {a £ M : a(a + m — 2) is an eigenvalue of A E }. (7) 

Then V s is a countable, discrete subset of M. By Lemma 13.21 an equivalent 
definition is that T> s is the set of a £ R for which there exists a nonzero homo- 
geneous harmonic function u of order a on C". 
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Define m E : P s — > N by taking m s (a) to be the multiplicity of the eigen- 
value a(a + m — 2) of A s , or equivalently the dimension of the vector space of 
homogeneous harmonic functions u of order a on C". Define N s : R — * Z by 

N*(6) = - m ^ if 6 < °' and N *( 5 ) = TOs ( a ) if <5 > 0. (8) 

ae2? E n(<s,o) aer> s n[o,5] 

Then 7V S is monotone increasing and upper semicontinuous, and is discontinuous 
exactly on X> s , increasing by m E (a) at each a G P s . As the eigenvalues of A s 
are nonnegative, we see that 2? E Pi (2 — m, 0) = and iV s e on (2 — m, 0). 

We define the stability index of C, and stable and rigid cones |16l Def. 3.6]. 

Definition 3.4 Let G be an SL cone in C m for m > 2 with an isolated 
singularity at 0, let G be the Lie subgroup of SU(m) preserving G, and use the 
notation of Definitions 13. ll and 13.31 Then )161 eq. (8)] shows that 

m s (0) = 6°(E), m s (l) ^ 2m and m s (2) ^ m 2 - 1 - dimG. (9) 

Define the stability index s-ind(C) to be 

s-ind(C*) = N s (2) - b°(E) - m 2 - 2m + 1 + dimG. (10) 

Then s-ind(G) ^ by ©, as N E (2) ^ m E (Q) + m E (l) + m s (2) by JS}. We call 
G stoWe if s-ind(G) = 0. 

Following 15, Def. 6.7], we call G rigid if m E (2) = to 2 — 1 — dimG. As 

s-ind(G) > m s (2) - (m 2 - 1 - dimG) > 0, 

we see that i/ G is stable, then C is rigid. 

We shall see in jJSJthat s _i n d(G) is the dimension of an obstruction space to 
deforming an SL m-fold X with a conical singularity with cone G, and that if 
G is stable then the deformation theory of X simplifies. An SL cone G is rigid 
if all infinitesimal deformations of G as an SL cone come from SU(m) rotations 
of G. This will be useful in the Geometric Measure Theory material of H4.2I 

3.2 Examples of special Lagrangian cones 

In our first example we can compute the data of H3. II very explicitly. 

Example 3.5 Here is a family of special Lagrangian cones constructed by 
Harvey and Lawson §111. 3. A]. For m ^ 3, define 

G™ = {(zi,...,z m ) eC m :i m+1 z 1 ---z m G [0,00), \ Zl \ = ■ ■ ■ = \z m \}. (11) 

Then G^ is a special Lagrangian cone in C™ with an isolated singularity at 
0, and = G™ n S 2 ™- 1 is an (m-l)-torus T m ~ x . Both G™ and S™ are 
invariant under the U(l) m_1 subgroup of SU(m) acting by 

(z 1 ,...,z m )^(e iei z 1 ,...,e i8 ™z m ) for 6 S G R with 0i + ■■■ + Q m = 0. (12) 



9 



In fact ± C™ for m odd, and C^, viC™ for to even, are the unique SL cones in 
C m invariant under 112fl . which is how Harvey and Lawson constructed them. 

The metric on £™ L = T m ~ x is flat, so it is easy to compute the eigenvalues 
of A s m L . This was done by Marshall |211 §6.3.4]. There is a 1-1 correspondence 
between (n%, . . . , n m _i) G and eigenvectors of A s m L with eigenvalue 

m — 1 ?7i — l 

i—1 i,j=X 

Using (|13|l and a computer we can find the eigenvalues of A s m L and their 
multiplicities. The Lie subgroup G™ L of SU(m) preserving has identity 
component the U(l) m_1 of l|12|) . so that dimG™ L = m — 1. Thus we can cal- 
culate £> s ™ , m E ™ , N s ™ , and the stability index s-ind(C™). This was done 
by Marshall |2T1 "Table 6.1] and the author [H §3.2]. Table □ gives the data 
m,JV s j ?L (2),m E r fL (2) and s-ind(C") for 3 < m < 12. 



TO 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


iV s ™(2) 


13 


27 


51 


93 


169 


311 


331 


201 


243 


289 


TO Ef?L (2) 


6 


12 


20 


30 


42 


126 


240 


90 


110 


132 


s-ind(C™) 





6 


20 


50 


112 


238 


240 


90 


110 


132 



Table 1: Data for U(l) m - 1 -invariant SL cones C™ in C 



One can also prove that 

N SW J2) = 2to 2 + 1 and m^{2) = s-ind(C™) = to 2 - to for m > 10. (14) 

As C™^ is stable when s-ind(Cg™ ) = we see from Table □ and 101 that 
is a stable cone in C 3 , but C™ is unstable for to 4. Also C™ is rigid when 
m E ™ (2) = m 2 — to, as dimG™ L = m — 1. Thus is rigid if and only if 
m 9, by TableUJand flljl. 

Here is an example taken from Ex. 9.4], chosen as it is easy to write down. 

Example 3.6 Let oi, . . . , a m S Z with ai + • — H & m = and highest common 
factor 1, such that a\, . . . , a* > and afe+i, . . . , a m < for < k < m. Define 

£?'""•" = { (ie ia ^x 1 ,e ia ^x 2 , . . . , e*"**™) : 9 e [0, 2tt), 

2 2 

xi, . . . ,x m e R, oiXj H ha TO a; m = 0). 

Then L Q u '"' am is an immersed SL cone in C m , with an isolated singularity at 0. 

Define C«i.->»m = {( Xl) . . . jXm ) e R™ : ai3; 2 + . . . + = Q y Then 

(jai,...,a m j g a q uac jric cone on iS fe_1 x S m ~ l in R' m , and Xq 1 '"' '° m is the image 
of an immersion $ : C au '"' a " m x 5 1 — > C m , which is generically 2:1. Therefore 

L a u ...,a m ig an immersed SL cone on ( 5 fc-l x gm-k-l x 5l)/Z 2< 
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Further examples of SL cones are constructed by Harvey and Lawson 
§111.3], Haskins the author 003, and others. Special Lagrangian cones 
in C 3 are a special case, which may be treated using the theory of integrable 
systems. In principle this should yield a classification of all SL cones on T 2 in 
C 3 . For more information see Mcintosh [23] or the author |13) . 

3.3 Special Lagrangian m-folds with conical singularities 

Now we can define conical singularities of SL m-folds, following 15, Def. 3.6]. 

Definition 3.7 Let (M, J, u>,Vt) be an almost Calabi-Yau m-fold for m > 2, 
and define ip : M — > (0, oo) as in (jJJ. Suppose X is a compact singular SL 
m-fold in M with singularities at distinct points Xi,. .. ,x n G X, and no other 
singularities. 

Fix isomorphisms Vi : C m — > T Xi M for i = 1, . . . ,n such that v*(ui) = to' 
and v*(£l) = 4>(xi) m Q' , where a/, J7' are as in (J2J). Let Ci, . . . , C n be SL cones 
in C m with isolated singularities at 0. For i = 1, . . . , n let = C{ fl <S 2m_1 , 
and let jUj G (2,3) with 

(2, /i»] n P Si = 0, where is defined in Q). (16) 

Then we say that X has a conical singularity or conical singular point at £j, 
with rate and cone Ci for i = 1, . . . , n, if the following holds. 

By Theorem 12.31 there exist embeddings : Br — > M for i = 1, ...,n 
satisfying Yi(O) = Xi, dT^ | = Vi and T*(w) = uj', where Br is the open ball of 
radius R about in C m for some small R > 0. Define : x (0, R) — > 5r by 
ti(<7, r) = rcr for i = 1, . . . , n. 

Define X' = X\{xi, . . . , x n }. Then there should exist a compact subset K C 
X' such that X' \Zf is a union of open sets Si, . . . , S n with Si C T^Br), whose 
closures S\, . . . , S n are disjoint in X. For i = 1, . . . , n and some R' £ (0, R] there 
should exist a smooth <^ : Ej x (0, i?') i?« such that TiO^ : Ej x (0, i?') — » M 
is a diffeomorphism E^ x (0, R') — > 5^, and 

\W k ((/)i-L i )\=0(r^- 1 - k ) as r -> for k = 0,1. (17) 

Here V is the Levi-Civita connection of the cone metric t*(g') on E^ x (0, R'), 
| . | is computed using t* (<?')■ ^ the cones Ci, . . . , C„ are stable in the sense of 
Definition 13.41 then we say that X has stable conical singularities. 

We will see in Theorem 14.41 that if (|17fl holds for k = 0, 1 and some /Xj 
satisfying (|16f) . then we can choose a natural </>i for which 1|17|) holds for aZ/ 
fc ^ 0, and for aZZ rates satisfying (|16|l . Thus the number of derivatives 
required in Ijl7|l and the choice of /li both make little difference. We choose 
k = 0, 1 in (|17|l . and some /ii in (|16|l . to make the definition as weak as possible. 

We suppose m > 2 for two reasons. Firstly, the only SL cones in C 2 are 
finite unions of SL planes R 2 in C 2 intersecting only at 0. Thus any SL 2-fold 
with conical singularities is actually nonsingular as an immersed 2-fold, so there 
is really no point in studying them. Secondly, m = 2 is a special case in the 
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analysis of ^3 §2], and it is simpler to exclude it. Therefore we will suppose 
m > 2 throughout the paper. 

Here are the reasons for the conditions on \ii in Definition 13.71 

• We need /Ltj > 2, or else <|17[) does not force X to approach Cj near Xi. 

• The definition involves a choice of Tj : Br — > M. If we replace Tj by a 
different choice Tj then we should replace <fo by — (T^ 1 o Tj) o near 
in Br. Calculation shows that as Tj, Tj agree up to second order, we 
have |V*(&-&)| =0(r 2 - fe ). 

Therefore we choose /ij < 3 so that these 0(r 2 ~ k ) terms are absorbed 
into the 0(r fJ ' i ~ 1 ~ k ) in (|17fl . This makes the definition independent of the 
choice of Tj, which it would not be if > 3. 

• Condition l|16[> is needed to prove the regularity result Theorem 14.41 and 
also to reduce to a minimum the obstructions to deforming compact SL 
m-folds with conical singularities studied in fJ^J 

3.4 Homology and cohomology 

Next we discuss homology and cohomology of SL m-folds with conical singular- 
ities, following 15, §2.4]. For a general reference, see for instance Bredon pQ. 
When Y is a manifold, write H k (Y,M.) for the k th de Rham cohomology group 
and H k s (Y,M.) for the fc th compactly- supported de Rham cohomology group of 
Y. If Y is compact then H k (Y,R) = H k s (Y,WL). The Betti numbers of Y are 
b k (Y) = dimH k (Y 1 R) and b k s (Y) = dimH k s (Y,R). 

Let Y be a topological space, and ZcFa subspace. Write Hk(Y, R) for the 
fc th rea/ singular homology group of Y, and -fffc(Y; Z, R) for the fc th real singular 
relative homology group of (Y; Z). When Y is a manifold and Z a submanifold 
we define iffc(Y,R) and Hk(Y;Z, R) using smooth simplices, as in ^ §V.5]. 
Then the pairing between (singular) homology and (de Rham) cohomology is 
defined at the chain level by integrating fc-forms over fc-simplices. 

Suppose X is a compact SL rn- fold in M with conical singularities x±, . . . , x n 
and cones Ci, . . . , C n , and set X' — X\{xi, ... ,x n ] and Ej = d nS 2 ™" 1 , as in 
H3.3I Then X' is the interior of a compact manifold X' with boundary Sj. 
Using this we show in ^| §2.4] that there is a natural long exact sequence 

n 

► H k s (X',R) -> H k {X',R) -> 0i7 fc (S 2 ,M) -» ff c fc s +1 (X',R) ->■■••, (18) 

and natural isomorphisms 

(X; {xi, . . . , a; n },R)* = H k s (X' , R) S ff m _ fe (X', R) = (X' , R)* (19) 
and # c fc s (X',R) SiH k (X,R)* for all fc > 1. (20) 

The inclusion t : X — > M induces homomorphisms t* : -fffc (X, R) — > iJ^ (M, R) . 
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4 The asymptotic behaviour of X near X{ 



We now review the work of |15| on the regularity of SL m-folds with conical 
singularities. Let M be an almost Calabi-Yau m-fold and X an SL rn-fold in 
M with conical singularities at x±, . . . , x n , with identifications vi and cones Ci. 
We study how quickly X converges to the cone v(Ci) in T Xi M near Xi. 

We start in H4.1l bv writing X in a special coordinate system near Xi, as the 
graph of an exact 1-form r\i = dAi on C[ = Q \ {0}. The special Lagrangian 
condition reduces to a nonlinear elliptic p.d.e. on the function Aj. In ij4.2l we 
explain how elliptic regularity of this p.d.e. implies that Ai and its derivatives 
decay quickly near X{. 

4.1 Lagrangian Neighbourhood Theorems 

In |15l Th. 4.3] we extend the Lagrangian Neighbourhood Theorem, Theorem 
12.41 to special Lagrangian cones. 

Theorem 4.1 Let C be an SL cone in C m with isolated singularity at 0, and 
set £ = C n 5 2m_1 . Define i : £ x (0, oo) — > C m fey t(cr, r) = m, mi/i image 
C\ {0}. For a £ E. t £ T*T,, r 6 (0, oo) and u£l, let (cr, r, r, u) represent the 
point r + udr in Tj^ <r \ (£ x (0, oo)) . Identify £ x (0, oo) £/ie zero section 
T = U = in T*(£ x (0,oo)). De/ine an action of (0, oo) on T*(£x(0,oo)) 6y 

t : (cr, r, t, u) i — ► (cr, tr, i 2 r, tit) for t G (0, oo), (21) 

so that t*(uj)—t 2 uj, ford) the canonical symplectic structure on T*(£ x (0, oo)) . 

Then there exists an open neighbourhood U c o/ Sx (0, oo) in T* (£ x (0, oo)) 
invariant under <|21|) given by 

U c = {(a,r,T,u) e T*(£ x (0,oo)) : | (t,u) \ < 2(r} for some ( > 0, (22) 

where \ .\ is calculated using the cone metric £*(<?') on E x (0,oo), and an em- 
bedding $ c : U c — > C™ with $ c |sx(o.oo) = ^o(w') = w and $ c °f = t$ c for 
all t > 0, where t acts on U c as in H21(l and on C m by multiplication. 

These U c ,<f> c & r e a Lagrangian neighbourhood of C" in C m which is equiv- 
ariant under the action of dilations. Effectively they are a special coordinate 
system on C m near C", in which uj' assumes a simple form. In |15l Th. 4.4] we 
use U a ., $ c to construct a particular choice of 4n in Definition 13. 71 

Theorem 4.2 Let (M,J,ui,Q), tp,X,n,Xi,Vi,Ci,^i,fii,R,Ti and Oi be as in 
Definition \3.1\ Theorem \4-l\ gives £ > 0, neighbourhoods U G . of £, x (0, oo) in 
T*(Ei x (0, oo)) and embeddings $ c . : U Ci — * C m for i = 1, . . . , n. 

Then for sufficiently small R' G (0,-R] there exist unique closed 1-forms 
rji on Ej x (0, R') for i — l,...,n written rji(a,r) — r]j(a,r) + r/f(a,r)dr for 
r)l(a,r) € T*£,; and nf(a,r) £ R, and satisfying \r)i(a,r)\ < £r and 

\V k -q,\ = 0{r lii ~ l ~ k ) as r -> /or fc = 0, 1, (23) 
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computing V, | . using the cone metric L*(g'), such that the following holds. 

Define <pi : E,; x (0, R') — > Br by & (a, r) = (a, r, r\\ (a, r) , rjf (cr, r)) . Then 
Ti o ^ : Ej x (0, i?') M is a diffeomorphism S, x (0, J?') — > S, /or open sets 
Sx,...,S n in X' with Si, . . . ,S n disjoint, and K = X' \ (Si U • • • U S n ) is 
compact. Also 4>i satisfies <|17|) . so that R' ,<j>i,Si,K satisfy Definition ^ . 1\ 

We explained in ij2.ll that in a Lagrangian neighbourhood U, $ of a La- 
grangian to- fold N gives a 1-1 correspondence between nearby Lagrangian m- 
folds N and closed 1-forms on N. Theorem 14 . 21 uses this correspondence for the 
Lagrangian neighbourhoods U c . , $ c . of Theorem l4.ll This is why the 1-forms rji 
are closed. We can extend Theorem 12 .41 to SL m-folds with conical singularities 
|15l Th. 4.6], in a way compatible with Theorems 14. II and 14.21 

Theorem 4.3 Suppose (M, J, w,f2) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at X\, . . . ,x n . Let the nota- 
tion ip,Vi, Ci, E^, fj,i, i?, Ti and Li be as in Definition ^. 7\ and let C,,U C .,^ C ., R' , 
rji , r\\ , rjj ,4>i,Si and K be as in Theorem \4-S\ 

Then making R' smaller if necessary, there exists an open tubular neighbour- 
hood U x i C T*X' of the zero section X' in T*X' , such that under d(T; o cf>i) : 
T* (Si x (0, R 1 )) -> T*X' for i = 1, . . . , n we have 

(d(T i0 ^))*(t^,) = { (cr, r, t, u) £ T* (Sj x (0,R')) : |( r ,«)| <(r}, (24) 

and there exists an embedding : U x ' - > M with <fr x '\x' = id : X' — > X' and 
$^/(u;) = w, where uj is the canonical symplectic structure on T*X', such that 

® x , od(TiO^)(cr, r,r,u) = Ti0^ c . (a,r,r + rfc{a,r), u + ^(a,r)) (25) 

for all i — l,...,n and (cr, r, r, it) £ T*(Sj x (0,i?')) wi£/i |(r, u)| < £r. -ffere 
|(t, u) is computed using the cone metric £*(#') 071 x (O)-^')- 

This is an essential tool in the deformation theory of fJSJand desingularization 
results of f7| as it gives a special coordinate system on M near X 1 in which uj 
assumes a simple form. In these coordinate, deformations or desingularizations 
of X become graphs of closed 1-forms on X' away from Xi, as in H2.ll 



4.2 Regularity of X near 

The results of tJ4.1l used only the fact that X' is Lagrangian in (M, uj). Our next 
theorems make essential use of the special Lagrangian condition. In 15 , §5] we 
study the asymptotic behaviour of the maps 4>i of Theorem l4.2l Combining |151 
Th. 5.1], [ini Lem. 4.5] and 15, Th. 5.5] proves: 

Theorem 4.4 Ln the situation of Theorem \4-^\ we have rji = dA; for i — 
l,...,n, where A% : Sj X (0, R!) — > K is G/wen fey Ai(cr,r) = J Q r ??f(cr, s)ds. 
Suppose [j/j £ (2, 3) wif/i (2, /^] n 2? s . = for i = 1, . . . , n. TTien 

|V fe (^-0| =0(r^- 1 - fe ), |V fc r?i| =0(r^- x - fe ) and 
|V fe AJ = 0(r^ fe ) asr ->Q for all k^Q and i = l,...,n. 
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Hence X has conical singularities at Xi with cone Ci and rate for all 
possible rates /4 allowed by Definition \3.T\ Therefore, the definition of conical 
singularities is essentially independent of the choice of rate [L\. 

Theorem 14.41 in effect strengthens the definition of SL m-folds with conical 
singularities, Definition 13.71 as it shows that l|17|) actually implies the much 
stronger condition l|26|) on all derivatives. 

The proof works by treating X' near Xi as a deformation of the SL cone Ci 
in C m . Thus we can apply Proposition ^ . 1 31 with N replaced by Ej x (0, R!) and 
a = rji = dAi, and we find that Ai satisfies the second-order nonlinear p.d.e. 

d*(^ m di4 i )(«7,r) = Q(<7,r,dA 4 (a-,r),V a ^(a-,r)) (27) 

for (cr, r) € Ej x (0, R'), where Q is a smooth nonlinear function. 

When r is small the Q term in (|27|l is also small and H27J) approximates 
AiAi = 0, where Ai is the Laplacian on the cone Ci. Therefore l|27|l is elliptic 
for small r. Using known results on the regularity of solutions of nonlinear 
second-order elliptic p.d.e.s, and a theory of analysis on weighted Sobolev spaces 
on manifolds with cylindrical ends developed by Lockhart and McOwen [201 , we 
can then prove (|26[) . 

Our next result [151 Th. 6.8] is an application of Geometric Measure The- 
ory. For an introduction to the subject, see Morgan \To\. Geometric Measure 
Theory studies measure-theoretic generalizations of submanifolds called integral 
currents, which may be very singular, and is particularly powerful for minimal 
submanifolds. As from fJ2SL m-folds are minimal submanifolds w.r.t. an appro- 
priate metric, many major results of Geometric Measure Theory immediately 
apply to special Lagrangian integral currents, a very general class of singular SL 
m-folds with strong compactness properties. 

Theorem 4.5 Let {M, J, u>, Q) be an almost Calabi-Yau m-fold and define i\> : 
M —> (0, oo) as in Let x£Jll and fix an isomorphism v : C m — ► T X M with 
v*(lo) — uj' and v*(VL) = ip(x) m £l', where ui',Q' are as in 

Suppose that T is a special Lagrangian integral current in M with x G T° , 
and that w*(C) is a multiplicity 1 tangent cone to T at x, where C is a rigid 
special Lagrangian cone in C m , in the sense of Definition Then T has a 
conical singularity at x, in the sense of Definition \S. % 

This is a weakening of Definition 13.71 for rigid cones C. Theorem 14.51 also 
holds for the larger class of Jacobi integrable SL cones C, defined in ^] Def. 6.7]. 

Basically, Theorem 14 . 51 shows that if a singular SL m-fold T in M is locally 
modelled on a rigid SL cone C in only a very weak sense, then it necessarily 
satisfies Definition 13.71 One moral of Theorems 14 . 41 and 14 . 51 is that, at least for 
rigid SL cones C, more-or-less any sensible definition of SL m-folds with conical 
singularities is equivalent to Definition 13.71 

Theorem 14 .51 is proved by applying regularity results of Allard and Almgren, 
and Adams and Simon, mildly adapted to the special Lagrangian situation, 
which roughly say that if a tangent cone Ci to X at Xi has an isolated singularity 
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at 0, is multiplicity 1, and rigid, then X has a parametrization fa near Xi which 
satisfies (|17|l for some fa > 2. It then quickly follows that X has a conical 
singularity at Xi , in the sense of Definition 13.71 

As discussed in ^3 §6.3], one can use other results from Geometric Measure 
Theory to argue that for tangent cones C which are not Jacobi integrable, 
Definition 13.71 may be too strong, in that there could exist examples of singular 
SL m-folds with tangent cone C which are not covered by Definition 13. 71 as the 
decay conditions (|17|l are too strict. 

5 Moduli of SL m-folds with conical singularities 

Next we review the work of |16| on deformation theory for compact SL m-folds 
with conical singularities. Following |161 Def. 5.4], we define the space M. x of 
compact SL m-folds X in M with conical singularities deforming a fixed SL 
m-fold X with conical singularities. 

Definition 5.1 Let (M, J, u>, f2) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at X\ , . . . , x n with identifi- 
cations Vi : C m — > T Xi M and cones C±, . . . , C n . Define the moduli space M. x of 
deformations of X to be the set of X such that 

(i) X is a compact SL m-fold in M with conical singularities at X\, . . . ,x n 
with cones C%, . . . , C n , for some Xi and identifications Vi : C m — » T Xi M. 

(ii) There exists a homeomorphism I : X — * X with l(xi) = Xi for i = 1, . . . , n 
such that i\x' ■ X' — > X' is a diffeomorphism and 1 and i are isotopic as 
continuous maps X — » M , where i : X — > M is the inclusion. 

In |16l Def. 5.6] we define a topology on .M x , and explain why it is the 
natural choice. We will not repeat the complicated definition here; readers are 
referred to ^3 §5] for details. 

In ^3 Th. 6.10] we describe M x near X, in terms of a smooth map $ 
between the infinitesimal deformation space I x i and the obstruction space X '- 

Theorem 5.2 Suppose (M, J,uj,tt) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at x\,...,x n and cones 
C\,..., C n . Let Ai x be the moduli space of deformations of X as an SL m-fold 
with conical singularities in M, as in Definition ^. 1\ Set X' = X\{x\, . . . , x n }. 

Then there exist natural finite- dimensional vector spaces T x i , O x i such that 
T x i is isomorphic to the image of H^ S (X' ,R) in H 1 (X',M) and dim0 x < = 
2iLi s-irxd(Cj), where s-ind(Ci) is the stability index of Definition [^71 There 
exists an open neighbourhood U of in T x i , a smooth map $ : U — > O x i with 
$(0) = 0, and a map S : {u S U : $(w) = 0} — > M x with 2(0) = X which is a 
homeomorphism with an open neighbourhood of X in M. x . 

Here is a sketch of the proof. For simplicity, consider first the subset of 
X 6 M-x which have the same singular points x\, . . . ,x n and identifications 
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vi, . . . ,v n as X . If X is C 1 close to X in an appropriate sense then X' = 
$ x '(r(a)), where U X ',$x' is the Lagrangian neighbourhood map of Theorem 
14.31 and T(a) C U x > is the graph of a small 1-form a on X' . 

Since X' is Lagrangian, a is closed, as in M2.ll Also, if <^j,7?j and <f>i,f]i are 
as in Theorem 14.21 for X, X then (Tj o <^)*(a) = % — rji on Sj x (0, R'), so 
applying Theorem 14. 41 to X,X shows that if i = 1, . . . ,n and /i- G (2,3) with 
(2,/iJ] nD E . = then 

|V fc a(a;)| = 0(d{x, x l )^~ 1 ' k ) near a;, for all k > 0. (28) 

As a is closed it has a cohomology class [a] G iJ 1 (X',R). Since (|28Jl implies 
that a decays quickly near Xi , it turns out that a must be exact near Xi . There- 
fore [a] can be represented by a compactly-supported form on X' , and lies in 
the image of H^(X',R) in i^p^IR). 

Choose a vector space I x < of compactly-supported 1-forms on X 1 represent- 
ing the image of H^ S (X' , R) in H 1 (X', R). Then we can write a = /3 + d/, where 
/3 G Z x < with [a] = [0\ is unique, and / G C°°(X') is unique up to addition of 
constants. As X' is special Lagrangian we find that / satisfies a second-order 
nonlinear elliptic p.d.e. similar to l|27|l : 

d*(^ m ((3 + df))(x) = Q(x, (/? + d/)(a;), (V/3 + V 2 /)W) (29) 

for x G A'. The linearization of (25jl at = f = is d*(i/> m (j3 + d/)) = 0. 

We study the family of small solutions /?, / of l|29|l for which / has the decay 
near Xi required by 1|28|) . There is a ready-made theory of analysis on manifolds 
with cylindrical ends developed by Lockhart and McOwen |2U|. which is well- 
suited to this task. We work on certain weighted Sobolev spaces (X') of 
functions on X' . 

By results from [20] it turns out that the operator / i— > d*(ip m df) is a Fred- 
holm map L v k (X 1 ) — > L p k 2 fM _ 2 (X'), with cokernel of dimension Y17=i ^e ( (2). 
This cokernel is in effect the obstruction space to deforming X with Xi,Vi 
fixed, as it is the obstruction space to solving the linearization of (|29|l in / 
at p = f = 0. 

By varying the Xi and Uj, and allowing / to converge to different constant 
values on the ends of X 1 rather than zero, we can overcome many of these 
obstructions. This reduces the dimension of the obstruction space O x > from 
2iLi-^£»(2) to Y^i=i s-ind(Ci). The obstruction map $ is constructed using 
the Implicit Mapping Theorem for Banach spaces. This concludes our sketch. 

If the Ci are stable then O x > — {0} and we deduce |161 Cor. 6.11]: 

Corollary 5.3 Suppose (M, J, uj, Q) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with stable conical singularities, and let M. x and X x i 
be as in Theorem \5. e A Then M x is a smooth manifold of dimension dim2T x <. 

This has clear similarities with Theorem 12. 101 Here is another simple con- 
dition for A4 X to be a manifold near X, 16', Def. 6.12]. 
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Definition 5.4 Let (M, J, w,f2) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities, and let 2 X > ,O x > ,U and $ 
be as in Theorem 15 .21 We call X transverse if the linear map d$| : I X ' —* @x' 
is surjective. 

If Y is transverse then {u € U : <t>(ii) = 0} is a manifold near 0, so Theorem 
1531 yields [H Cor. 6.13]: 

Corollary 5.5 Suppose (M, J, cj,0) is an almost Calabi-Yau m-fold and X a 
transverse compact SL m-fold in M with conical singularities, and let Ai x ,X x i 
and O x i be as in Theorem 15. OA Then A4 X is near X a smooth manifold of 
dimension dimX x / — dim O x > . 

In ^3 §7] we extend all this to families of almost Calabi-Yau m-folds. 
Combining Definitions 12 . 1 5| and 15 . 1 1 we define moduli spaces in families: 

Definition 5.6 Let (M, J, w,f2) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at x\,...,x n . Suppose 
{(M, J s ,uj s ,ft s ) : s G T) is a smooth family of deformations of (M, J, w,f2). 
Define the moduli space A4 X of deformations of X in the family T to be the 
set of pairs (s, X) such that 

(i) s € J- and X is a compact SL m-fold in (M, J s , cj s , 51 s ) with conical 
singularities at x\, . . . ,x n with cones C\, . . . , C n , for some x,. 

(ii) There exists a homeomorphism t : X — > Y with = Xj for i = 1, . . . , n 
such that t\x> ■ X' — > Y' is a diffcomorphism and I and t are isotopic as 
continuous maps Y — > M, where t : Y — > M is the inclusion. 

Define a projection ir^ : M. x — > J 7 by 7r^(s, Y) = s. In |T2J Def. 7.5] we define 
a natural topology on .MJ, f° r which 71"^ is continuous. 

Here 16, Th. 7.9] is the families analogue of Theorem 15. 21 

Theorem 5.7 Suppose {M, J,u>,Q,) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at xi, . . . ,x n . Let A4 X , X' , 
T x i,O x >,U,<& and S be as in Theorem \b ."A 

Suppose {(Af,J s ,u) s ,il s ) : s E J 7 } is a smooth family of deformations of 
(M, J,u/,Cl), in the sense of Definition \2.1J\ such that ■ [uj s ] = for all 

7 G -/?2(Y, M) and s 6 T , where i : X — > M is the inclusion, and [Y]-[Imf2 s ] = 
for all SET, where [X] e H m (M,R) and [Imfi s ] e H m (M,M.). Let M x and 
7r^ : M x — > T be as in Detinition \5.b\ 

Then there exists an open neighbourhood of (0, 0) in T x U , a smooth 
map $^ : — > X < with $^(0, u) = and a map : {(s, u) 6 CP : 

$^(s, u) — 0} — * .A4 X S^(0, u) = (0, and 7r^ o S^(s, u) = s, which is 

a homeomorphism with an open neighbourhood of (0, Y) in M. x - 

The conditions t*(7) • = for all 7 and [Y] • [Imf2 s ] = are necessary 
conditions for the existence of any SL m-fold Y with conical singularities isotopic 
to Y in (M, J s , lo s , ft s ). Here are the families analogues of Definition 15.41 and 
Corollaries 1531 and 1531 taken from [H3 Def. 7.11 & Cor.s 7.10 & 7.12]. 
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Corollary 5.8 In the situation of Theorem \5. 7} suppose X has stable sin- 
gularities. Then A4 X is a smooth manifold of dimension d + dimZ x ' and 
"K T : M. T X — > T a smooth submersion. For small s G T the fibre (7r^)^ 1 (s) 
is a nonempty smooth manifold of dimension dimZ x /, with (7r^) _1 (0) = A4 X . 

Note the similarity of Corollary 15. 81 and Theorem 12. 161 

Definition 5.9 In the situation of Definition 15. 71 we call X transverse in T if 
the linear map d^j^o) : ^ d x ^x' — * O x i is surjective. If X is transverse in 
the sense of Definition 15.41 then it is also transverse in T . 

Corollary 5.10 In the situation of Theorem \5. r l\ suppose X is transverse in T . 
Then Ml is near (0,^) a smooth manifold of dimension d-\-di'niT X ' — dimC^x'? 
and tt^ : M x — * T is a smooth map near (0,X). 

Now there are a number of well-known moduli space problems in geometry 
where in general moduli spaces are obstructed and singular, but after a generic 
perturbation they become smooth manifolds. For instance, moduli spaces of 
instantons on 4-manifolds can be made smooth by choosing a generic metric, 
and similar things hold for Seiberg-Witten equations, and moduli spaces of 
pseudo-holomorphic curves in symplectic manifolds. 

In |16l §9] we try (but do not quite succeed) to replicate this for moduli 
spaces of SL m-folds with conical singularities, by choosing a generic Kahler 
metric in a fixed Kahler class. Our first result is |161 Th. 9.1]: 

Theorem 5.11 Let (M, J, u,Q) be an almost Calabi-Yau m-fold, X be a com- 
pact SL m-fold in M with conical singularities, and T x i , X ' be as in Theorem 
1 5. ,21 Then there exists a smooth family of deformations { (M, J, oj s , f2) : s E J 7 } 
of (M, J, to, fi) with [to s ] = [u] e H 2 (M,R) for all s e f, such that X is 
transverse in T in the sense of DeHnition \5.!A and d = dim J 7 = dim O x > ■ 

Combining this with Corollarv l5. lOl we see that M. x is a manifold near (0, X) 
and 7r^ a smooth map near (0,X). It then follows from Sard's Theorem that 
for small generic s £ J-, the moduli space (tt :f )^ 1 (s) of deformations of X in 
(M, J, oj s , f2) is a smooth manifold near X. 

Thus, given a compact SL m-fold X with conical singularities in (M, J, u>, f2) 
we can perturb ui a little bit in its Kahler class to ui s , and the moduli space 
M. s x in (M, J, w s ,f2) will be a smooth manifold near X. More generally |lf>l 
Th. 9.3], if W C M. x is a compact subset then we can perturb u to u s so Ai s x 
is a smooth manifold near W. 

We would like to conclude that by choosing a sufficiently generic perturbation 
cu s we can make M. 8 X smooth everywhere. This is the idea of the following 
conjecture, ^3 Conj. 9.5]: 

Conjecture 5.12 Let (M, J, u>,Q) be an almost Calabi-Yau m-fold, X a com- 
pact SL m-fold in M with conical singularities, and T x i , O x > be as in Theorem 
15. OA Then for a second category subset of Kahler forms uj in the Kahler class of 
lo, the moduli space M. x of compact SL m-folds X with conical singularities in 
(M, J, uj, f2) isotopic to X is a manifold of dimension dimZ x < — dim O x i . 
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If we could treat the moduli spaces M x as compact, say if we had a good 
understanding of the compactification M x of M x in 3EI then this would follow 
from ^3 Th. 9.3]. However, without knowing M x is compact, the condition 
that M. x is smooth everywhere is in effect the intersection of an infinite number 
of genericity conditions on w, and we do not know that this intersection is dense 
(or even nonempty) in the Kahler class. 

Notice that Conjecture 15.121 constrains the topology and cones of SL m- 
folds X with conical singularities that can occur in a generic almost Calabi-Yau 
m-fold, as we must have dimX x > ^ dimO x /. 

6 Asymptotically Conical SL m-folds 

We now discuss Asymptotically Conical SL to- folds L in C m , 15, Def. 7.1]. 

Definition 6.1 Let C be a closed SL cone in C m with isolated singularity at 
for m > 2, and let E = Cn<S 2m_1 , so that E is a compact, nonsingular (m — 1)- 
manifold, not necessarily connected. Let g s be the metric on E induced by the 
metric g 1 on C m in ©, and r the radius function on C m . Define i:Ex(0, oo) — > 
C m by t(cr, r) = ra. Then the image of b is C \ {0}, and i*{g') = r 2 g s + dr 2 is 
the cone metric on C \ {0}. 

Let L be a closed, nonsingular SL m-fold in C m . We call L Asymptotically 
Conical (AC) with rate A < 2 and cone C if there exists a compact subset K C L 
and a diffeomorphism ip : E x (T, oo) — > L\K for some T > 0, such that 

|V fc (^- t)| = 0(r A " 1 " fc ) as r — * oo for = 0, 1. (30) 

Here V, | . | are computed using the cone metric t*(g')- 

This is very similar to Definition 13.71 and in fact there are strong parallels 
between the theories of SL m-folds with conical singularities and of Asymptot- 
ically Conical SL m-folds. We continue to assume m > 2 throughout. 

In iJ6.ll -i i6.2l we review the results of [151 §7] on AC SL m-folds. Section IB31 
covers the deformation theory of AC SL m-folds in C m following Marshall [2T] 
and Pacini 123, and i)6. 41 discusses examples of AC SL m-folds. 

6.1 Cohomological invariants of AC SL m-folds 

Let L be an AC SL m-fold in C m with cone C, and set E = C n Using 
the notation of i)3.4l as in i|18|) there is a long exact sequence 

> H* S (L,R) -> H k (L,R) -> iJ fe (E,R) -> H^ S +1 (L,R) • • • . (31) 

Following LI51 Def. 7.2] we define cohomological invariants Y(L),Z(L) of L. 

Definition 6.2 Let L be an AC SL m-fold in C m with cone C, and let E = 
C n S 2 ™- 1 . As u'.ImQ' in © are closed forms with u)'\ L = lax9!\ L = 0, 



20 



they define classes in the relative de Rham cohomology groups H k (C m ; L,M) 
for k = 2, m. But for k > 1 we have the exact sequence 

= iI*- 1 (C m ,R) -> H k - 1 (L,R)-=+H k (C m ;L,R) -> H k {C"\R) = 0. 

Let Y(L) G ff^E,!) be the image of [a/] in F 2 (C m ;i,R) fZ^R) under 
^(LjR) -> ff^E.-R) in lEU, and G if rn_1 (E, R) be the image of [ImO'] 

in H m (C m ;L,R) ^ ff™" 1 ^,!) under ff 1 "- 1 ^,^ -> ir™ _1 (E, i2) in (JSTJ). 

Here are some conditions for or Z(L) to be zero, [151 Prop. 7.3]. 

Proposition 6.3 Let L be an AC SL m-fold in C m with cone C and rate X, 
and let E = C n S 2 " 1 " 1 . If X < or b x {L) = i/iera F(£) = 0. If X < 2 — m 
or 6°(E) = 1 tten = 0. 

6.2 Lagrangian Neighbourhood Theorems and regularity 

Next we give versions of parts of ij4.lt - M4.2l for AC SL m-folds rather than SL 
m-folds with conical singularities. Here are the analogues of Theorems 14.21 and 
IP proved in 15, Th.s 7.4 & 7.5]. 

Theorem 6.4 Let C be an SL cone in C m with isolated singularity at 0, and 
set E = C n S 2 " 1 " 1 . Define i : E x (0, oo) -> C m 6y t(cr,r) = rcr. Let C 
J7 C C T*(E x (0, oo)) and $ c : J7 -» C m 6e as zn Theorem\Jl\ 

Suppose L is an AC SL m-fold in C m with cone C and rate X < 2. Then 
there exists a compact K C L and a diffeomorphism ip : E X (T, oo) — > L\K 
for some T > satisfying (|3U|) . and a closed l-form \ on E x (T, oo) written 
X(o~i r) — x (er, r) + X 2 (c, r)dr /or x 1 (cr, r) G T*E and x 2 (cr, r) G R, satisfying 

\x(o-,r)\ < (r, (p(a,r) = <^ c (a,r,x 1 {o;r),x 2 (o-,r)) 
and | V fc x| = 0(r x - 1 - k ) as r -> oo for k = 0, 1, 

computing V, | . | using the cone metric £*(<?')■ 

Theorem 6.5 Suppose L is an AC SL m-fold in C™ 1 w«</i cone C. Let E, t, 
C, C/ c , ^c, X, T, x, X 1 1 X 2 be as in Theorem \6-4\ Then making T,K larger if 
necessary, there exists an open tubular neighbourhood U L C T*L of the zero 
section L in T*L, such that under dip :T*(Ex (T, oo)) — > T*L we have 

(d<p)*(U L ) = {(a,r,T,u) GT*(E x (T, oo)) : |(r,«)| <Cr}, (33) 

and there exists an embedding <& L : U L — > C m ™£/i 3>£,|l = id : £ — > 1/ and 
<£>*(a/) = a), where lu is the canonical symplectic structure on T*L, such that 

$i o dip(a,r,r,u) = $ c (cr, r, t + ^(cr, r), u + x 2 (c, r)) (34) 

for all (a, r, r, u) GT* (Ex (T, oo)) wii/i |(r, u)| < C r > computing \ . \ using L*{g'). 
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Combining ^jj Prop. 7.6] and ^[ Th.s 7.7 & 7.11] gives an analogue of 
Theorem 14.41 on the regularity of L near infinity in C m . As in |151 Th. 7.11], 
the theorem can be strengthened when ^ A < min(£>£ n (0, oo)J. 

Theorem 6.6 In Theorem \ZTJ\ we have [x] = Y{L) in F X (E x (T,oo),R) = 
7? 1 (S,IR), where Y(L) is as in Definition \6.^ Let 7 be the unique 1-form on 
E with dj — d*7 = and [7] = Y(L) e iJ 1 (E,R), which exists by Hodge 
theory. Then \ — 7r*(7) + dE , where n : E x (T, 00) — > E is i/ie projection 
and E € C°°(E x (T,oo)). 

J/ either A = A', or A, A' /ie m the same connected component of R \ I?^, 
men L is an AC SL m-fold with rate A' and 

|V fc (^-/.)| = O^'- 1 -*), |V fe X | = 0(r x '- 1 - k ), \V k+1 E\ = 0(r x '- 1 - k ) 

for all k^O, and \E\ = I ^ s A ^ °' 

11 \0(|l0gr|), A' = 0. 

(35) 

Here V, | . | are computed using the cone metric t>*(g') on E x (T, 00). 
6.3 Moduli spaces of AC SL m-folds 

The deformation theory of Asymptotically Conical SL m-folds in C m has been 
studied independently by Pacini and Marshall 21 . Pacini's results are 
earlier, but Marshall's are more complete. 

Definition 6.7 Suppose L is an Asymptotically Conical SL m-fold in C m with 
cone C and rate A < 2, as in Definition 16.11 Define the moduli space M. x of 
deformations of L with rate A to be the set of AC SL m-folds L in C m with 
cone C and rate A, such that L is diffcomorphic to L and isotopic to L as an 
Asymptotically Conical submanifold of C m . One can define a natural topology 
on A4 X , in a similar way to the conical singularities case of ^3 Def. 5.6]. 

Note that if L is an AC SL m-fold with rate A, then it is also an AC SL 
m-fold with rate A' for any A' G [A, 2). Thus we have defined a 1-parameter 
family of moduli spaces Ai x for L, and not just one. Since we did not impose 
any condition on A in Definition ^. ll analogous to (|16J) in the conical singularities 
case, it turns out that A4 X depends nontrivially on A. 

The following result can be deduced from Marshall Th. 6.2.15] and |211 
Table 5.1]. (See also Pacini |261 Th. 2 & Th. 3].) It implies conjectures by the 
author in 7, Conj. 2.12] and O §10.2]. 

Theorem 6.8 Let L be an Asymptotically Conical SL m-fold in C m with cone 
C and rate A < 2, and let Ai x be as in Definition |6'.7| Set S = C n 5 2m_1 , 
and let V S ,N S be as in §3.1\ and b k (L),b k s (L) as in §3.4\ Then 

(a) If A £ (0, 2) \ T> s then is a manifold with 

dimA4^6 1 (L)-6°(L) + Ar E (A). (36) 

Note that if < A < min(X> E n (0, 00)) then N S (X) = 6°(E). 
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(b) If A G (2 — 77i, 0) £/ien is a manifold of dimension 6j s (i) = & m 

This is the analogue of Theorems I2.1UI and 15.21 for AC SL m-folds. If A G 
(2 — m, 2) \ 2? E then the deformation theory for L with rate A is unobstructed 
and is a smooth manifold with a given dimension. This is similar to the 
case of nonsingular compact SL m-folds in Theorem I2.1UI but different to the 
conical singularities case in Theorem 15. 21 

6.4 Examples 

Examples of AC SL m-folds L are constructed by Harvey and Lawson |3| §111.3], 
the author [51 151 ITUl I12 | . and others. Nearly all the known examples (up to 
translations) have minimum rate A cither or 2 — m, which are topologically 
significant values by Proposition 16.31 For instance, all examples in |5] have 
A = 0, and [3 Th. 6.4] constructs AC SL m-folds with A = 2 - m in C m from 
any SL cone C in C m . The only explicit, nontrivial examples known to the 
author with A ^ 0, 2 — m are in |1(JI Th. 11.6], and have A = §. 

We shall give three families of examples of AC SL m-folds L in C™ 1 explicitly. 
The first family is adapted from Harvey and Lawson §111. 3. A]. 

Example 6.9 Let C™ be the SL cone in C m of Example 131)1 We shall define a 
family of AC SL m-folds in C m with cone C^. Let a±, . . . , a m with exactly 
two of the aj zero and the rest positive. Write a = (ax, . . . , a m ), and define 

L" L = {(zi, . . . , z m ) G C m : i m+1 Zl ■ ■ ■ z m G [0, oo), 

I 2 I |2 "I ^ 7 > 

\zi\ - ai = •■■ = \z m \ - ami- 
Then L% L is an AC SL m-fold in C m diffeomorphic to T' m ~ 2 x M 2 , with cone 
and rate 0. It is invariant under the U(l) m ~ 1 group It is surprising 

that equations of the form l|37|) should define a nonsingular submanifold of C m 
without boundary, but in fact they do. 

Now suppose for simplicity that oi, . . . ,a m -2 > and a m -i = dm = 0. 
As E™ = r^ 1 we have ff^E^.M) ^ R m_1 , and calculation shows that 
y(Lj L ) = (nai, . . . , 7ro m _2, 0) G M m_1 in the natural coordinates. Since L* L = 
T m-2 x R 2 we haye h1(l*^R) = R m ~ 2 , and F(L* L ) lies in the image R m ~ 2 C 
R ™-i of j7i(^ L;R ) in as i n Definition IO As 6°(E™) = 1, 

Proposition 16.31 shows that Z(L* L ) = 0. 

Take C = C™, E = E™ and L = L* L in Theorem EHJ and let < A < 
min(D s n (0,oo)). Then 6 X (L) = m - 2, b°(L) = 1 and A S (A) = 6°(E) = 1, so 
part (a) of Theorem 16.81 shows that dim M.\ — m — 2. This is consistent with 
the fact that L depends onra-2 real parameters a\, . . . , a TO _2 > 0. 

The family of all Z/*l has ^m(m — 1) connected components, indexed by 
which two of di, . . . , a m are zero. Using the theory of |J3 these can give many 
topologically distinct ways to desingularize SL m-folds with conical singularities 
with these cones. 

Our second family, from Ex. 9.4], was chosen as it is easy to write down. 
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Example 6.10 Let m, a\, . . . , a m , k and Lq 1 ' "■' a " m be as in Example 13. 61 For 
O^ceR define 

L «i,..,« m = {( ze Mie x 1 ,e 4a2 ^ 2 ,. ..,e'"A m ) :«£ [0,2tt), 

2 2 1 ' J 

xi,...,x m eR, a\x x H ha m i m = c}. 

Then L^*-."™ is an AC SL m-fold in C m with rate and cone i° l, -'° m . It is 
diffcomorphic as an immersed SL m-fold to (S k ~ 1 x R m_fc x l S 1 )/Z 2 if c > 0, 
and to (R fc x x £i)/z 2 if c < 0. 

Our third family was first found by Lawlor |19|. made more explicit by 
Harvey p. 139-140], and discussed from a different point of view by the 
author in 9, §5. 4(b)]. Our treatment is based on that of Harvey. 

Example 6.11 Let m > 2 and a\, ■ ■ ■ , a m > 0, and define polynomials p, P by 

p(x) = (1 + a 1 x 2 )-- -(1 + a rn x 2 ) - 1 and P(x) = ^V- 

x z 

Define real numbers (f>\ , . . . , <f> m and A by 

ox . — — and A = u m (ai ■ ■ ■ a m )~ 1/2 , (39) 

-«= (1 + a k x 2 )^P(x) 

where ui m is the volume of the unit sphere in R m . Clearly <pk,A > 0. But 
writing (fix + ■ ■ ■ + 4> m as one integral gives 



o (p(sc) + 1)a/p(S) Vo ™ 2 + 



making the substitution w = y // p(x). So 0^ € (0, it) and </>!+••• + <ft m = it. 
This yields a 1-1 correspondence between m-tuples (eti, . . . , a m ) with a k > 0, 

and (m+l)-tuples (cpi , . . . , <j> m , A) with (f>k € (0, 7r) , (f>\ -| \- <p m = tt and A > 0. 

For fc = 1, . . . , m and j/ € R, define a function : R — > C by 



Zk(y) = ^^ya^+y 2 , where ^ fe (y) = a fe 



d.r; 



, (l + afex 2 )/^) 

Now write <f> — {<j)\, . . . ,<p n ), and define a submanifold L^' A in C m by 

L*' A ={(2 1 (^ 1 ,..., 2m ( ! /)j: m ):j/el, it£l, !T? + -" + a4 = l}. (40) 

Then L^'" 4 is closed, embedded, and diffeomorphic to 5 m_1 x R, and Harvey 
Th. 7.78] shows that L^' A is special Lagrangian. One can also show that L^ ,A 
is Asymptotically Conical, with rate 2 — m and cone the union n° U of two 
special Lagrangian m-planes n ,^ in C m given by 

n° = {(i lr .,i m ) :ij el}, IL't> = {(e i ^x 1 ,...,e i 't>™x m ):x j eR}. (41) 
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As A = 2 - m < we have = by Proposition E3 Now L"^ = 

x R so that H m - 1 (L' t '' A ,M.) R, and £ = (II U IT*) n S 2 " 1 " 1 is the 
disjoint union of two unit (m— l)-spheres 5 m_1 , so ff m_1 (£,R) = R 2 . The 
image of ff" 1 " 1 ^^^) in fl™" 1 ^^) is {(x,-x) : i e 1} in the natural 
coordinates. Calculation shows that Z(L^ A ) = (A, -A) 6 ff^-^E.R), which 
is why we defined A this way in l|39|) . 

Apply Theorem Ol with L = i> A and A G (2 - m, 0). As L = x R 

we have bl B (L) = 1, so part (b) of Theorem 16.81 shows that dim = 1. This 
is consistent with the fact that when <f> is hxed, L^' A depends on one real 
parameter A > 0. Here <p is fixed in Ai^ as the cone C — U° UII^ of L depends 
on (j>, and all L G have the same cone C, by definition. 

7 Desingularizing singular SL m-folds 

We now discuss the work of ^| EH on desingularizing compact SL m-folds 
with conical singularities. Here is the basic idea. Let (M, J,oj, f2) be an almost 
Calabi-Yau m-fold, and X a compact SL m-fold in M with conical singularities 
X\, . . . , x n and cones C\, . . . , C n . Suppose L\, . . . , L n are AC SL m-folds in C m 
with the same cones Ci, . . . , C n as X. 

If t > then tLi = {(x:x£ Li} is also an AC SL m-fold with cone Ci. We 
construct a 1-parameter family of compact, nonsingular Lagrangian m-folds N 
in (M,u>) for t G (0, 5) by gluing into X at x$, using a partition of unity. 

When t is small, iV* is ck>se to special Lagrangian (its phase is nearly con- 
stant), but also cZose to singular (it has large curvature and small injectivity 
radius). We prove using analysis that for small t G (0, 5) we can deform A* to 
a special Lagrangian m-fold N in M, using a small Hamiltonian deformation. 
The proof involves a delicate balancing act, showing that the advantage of being 
close to special Lagrangian outweighs the disadvantage of being nearly singular. 

Doing this in full generality is rather complex. There are two kinds of ob- 
structions to the existence of A*. Firstly, if Y(Li) ^ then A* may not exist 
as a Lagrangian m-fold. Secondly, if X' is not connected then we may not be 
able to deform A* to a special Lagrangian m-fold A* because of problems with 
small eigenvalues of the Laplacian A on A*. In each case, A* exists for small t 
if the Y(Li) or Z(Li) satisfy an equation. 

We also extend the results to desingularization in families of almost Calabi- 
Yau m-folds (M, J s ,oj s ,il s ). The cohomology classes [uj s ] and [ImS! s ] contribute 
to the obstruction equations in Y(Li) and Z(Li) for the existence of A*. Thus, 
a singular SL m-fold X which has no desingularizations A* in (M, J, u>, fi) can 
still admit desingularizations A s '* in (M, J s ,uj s : fl s ) for small s^O. 

We begin in i|7. ll bv explaining desingularization in the simplest case, in one 
almost Calabi-Yau m-fold (M, J, u;,fi) when Y(Li) = and X' is connected. 
Section 17.21 extends this to X 1 not connected, and M7.3I to Y(Li) ^ 0, intro- 
ducing the two kinds of obstructions. Section 17.41 discusses desingularization in 
families (M, J s , uj s , ft s ). 
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7.1 Desingularization in the simplest case 

Our simplest desingularization result is |171 Th. 6.13]. 

Theorem 7.1 Suppose (M, J, cj,0) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at Xi,...,X n and cones 
Ci, . . . , C n . Let L\, . . . , L n be Asymptotically Conical SL m-folds in C m with 
cones C\, . . . , C n and rates Ax, . . . , A„. Suppose A; < for i = 1, . . . ,n, and 
X' = X \ {xi, . . . , x n } is connected. 

Then there exists e > and a smooth family {TV* : t 6 (0,e]J of compact, 
nonsingular SL m-folds in {M, J,u,Cl), such that N is constructed by gluing 
tLi into X at xi for i = 1, . . . , n. In the sense of currents, N — > X as t — > 0. 

Here is a sketch of the proof, divided into seven steps. 

Step 1. Apply Theorem 14. II to Ci for i = 1, .. . ,n, and Theorem l4.3l to X, and 
Theorem 16. 51 to Lj for i — 1, . . .,n. This gives Lagrangian neighbour- 
hoods U a .,$> c . for d, and U x >,<&x> for X' , and U L .,<& L . for Li. 
Moreover U x >, &x' and U c ., $ c are related via T$ and an exact 1-form 
m on Si x (0, R') from Theorem 14.21 and U L .,$ L . and t/ Ci , ( I > 

c are 

related via an exact 1-form Xi on £j x (T, oo) from Theorem 16.41 
Step 2. Let £ > be small. We define a nonsingular Lagrangian m-fold TV* in 
(M,oj), roughly as follows. Choose r 6 (0, 1) satisfying certain condi- 
tions. At distance at least 2t T from x\, . . . , x n we define N* to be X' . 
At distance up to t T from x$ we define JV* to be Tj(tLj n -Br). 
Between distances i T and 2i r from Xi we define AT* to be a Lagrangian 
annulus £j x (t T , 2i T ) interpolating between X' and T^tLitlBfi), using 
the Lagrangian neighbourhoods J7 c< ,$ Ci , U X ',$> X > and U L .,Q L .. This 
is equivalent to choosing a closed 1-form £*(cr, r ) on x [^ T i 2i T ] which 
interpolates between t 2 Xi(o',t~ 1 r) at r = t T and f]i(a,r) at r = 2t T . 

Step 3. Let e je be the phase function of TV*, so that 7V* is special Lagrangian if 
sin (9* = 0. We bound various norms of ip m sin (9* in terms of powers of 
t. These bounds imply that N is close to special Lagrangian when t is 
small. We also estimate other geometrical quantities, like the curvature 
and injectivity radius of N , in terms of powers of t. 

Step 4. We glue together the Lagrangian neighbourhoods U c . , $ c . , U x i , $ x ' and 
U L ., $ L . to define a Lagrangian neighbourhood U N t, $ N t for N*. 

Step 5. Let / G C°°(/V*). Then d/ is a 1-form on TV', and the graph T(df) is a 
submanifold of T*N*. If / is small in C 1 then T(df) C IV C T*JV*, and 
then N* = <!>„* (L(d/)) is a nonsingular Lagrangian m-fold in (M,ui). 
Every small Hamiltonian deformation of TV* can be written in this way. 
We show that N { is special Lagrangian if and only if 

d*(V> m cos 6»M/)(x) = V™ sin 0* + Q*(x, d/(s), V 2 f{x)) (42) 

for all x G iV*, as in l(2"7j) and (J25J), where Q* is smooth and Q t (x, y, z) = 
0{t~ 2 \y\ 2 + |z| 2 ) for small y,z. 
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Step 6. Working in the Sobolev space L^ m (N t ), we show that the operator 

P* : {u G L^ 4 ) : «dV* =0}-*{d£ L?»»(^) : J^«dV* = 0} 
given by P* (u) = d* (i/j m cos 6**0!?/) 

has an inverse (P*) -1 which is (in a rather weak sense) bounded inde- 
pendently of t. The restriction to u with J Nt u dV* — is necessary as 
P*(l) = 0, so P* is not invertible on spaces including 1. 
Step 7. We inductively construct a sequence (/fc)j£L in Lf n (N t ) with / = 0, 
/ JV «/fcdV rt = and / fc = (P t )- 1 (V> TO sin^ + Q*(a;,d/ fc _ 1 ,V 2 d/ fc _i)), so 

d*(^ m cos^d/ fc ) = xp m sme t + Q t (x ) df k ^ 1 (x),W 2 f k - 1 (x)). (44) 

Using the bounds on -^'"sin^* from Step 3 and on (P*) _1 from Step 
6 we show that (fk)kLo exists and converges in L§ m (7V*) for small t. 
The limit / satisfies (|42|) . and is smooth by elliptic regularity. Then 
N* = $ N *(r(d/)) is the SL m-fold we seek. 

The condition Xi < in Theorem 15.31 is there for two reasons. Firstly, it 
forces Y(L>i) = by Proposition 16.31 and therefore Xi i s an exact 1-form on 
E t x (T, 00), since [xj = >"(£,) G M) by Theorem lolfl This exactness 

makes it possible to define the closed 1-form £* in Step 2. 

Secondly, we need Xi < so that the contributions to ip m sin from tapering 
Xi off to zero on the annulus Ej x [i r , 2i r ] are small enough for the method to 
work. If Xi > then | ip' m sin 0*11^2 is too large, and we cannot prove that the 
sequence (fk)kLo i n Step 7 converges. 

7.2 Desingularization when X' is not connected 

In |171 Th. 7.10] we extend Theorem 17. II to the case when X 1 is not connected. 

Theorem 7.2 Suppose (M, J, cj,Q) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,...,x n and cones 
Ci, . . . , C n . Define tp : M — > (0, 00) as in Ijljl. Le£ Li, . . . , L„ &e Asymptotically 
Conical SL m-folds in C m with cones C±, . . . , C n and rates Ai, . . . , X n . Suppose 
X, < for i = 1,.. .,n. Write X' = X \ {x u . . . , x n } and E 4 = C L n^ 1 . 

Set q = b (X'), and let X[, . . . , X' q be the connected components of X' . For 
i = 1, . . . ,n let li — b°(Y^i), and let E|, . . . , E^ be the connected components of 
Define k(i,j) = 1, . . . , q by T; o <^(E? x (0,P')) C ^fc(;j) for i = l,...,n 
and j = 1, . . . , Zj. Suppose that 

]T ^,TO)'R]=0 /or all k = l,...,q. (45) 

Suppose also that the compact m-manifold N obtained by gluing Li into X' 
at Xi for i = 1, . . . , n is connected. A sufficient condition for this to hold is that 
X and Li for i = 1, . . . , n are connected. 
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Then there exists e > and a smooth family {TV* : t € (0,e]} of compact, 
nonsingular SL m-folds in (Af, J, D,Q) diffeomorphic to N, such that N is 
constructed by gluing tLi into X at Xi for i = 1, . . . ,n. In the sense of currents 
in Geometric Measure Theory, Ar — > X as t — > 0. 

The new issues when A"' is not connected occur in Steps 6 and 7 of fl7.ll 
Suppose b°(X') = q > 1, so that X' has g connected components X[, . . . , X' q . 
Then the operator P* of 1)48(1 turns out to have q — 1 small positive eigenvalues 
Ai, . . . , Ag_i of size 0(i m_2 ). The corresponding eigenfunctions wi, . . . ,w q -i 
are approximately constant on the parts of N coming from each X' k , and change 
rapidly on the 'small necks' in between. 

As (P*) -1 ^ = X^w k and A fe = 0(t m - 2 ) we see that (P*)" 1 is 0(t 2 - m ) 
on (wi, . . . , Wq-i), and so cannot be bounded independently of t. To repair the 
proof, roughly speaking we set W t = (l,Wi,... , w g -i), and let {W*) 1 - be the 
orthogonal subspace to W l in L 2 {N r ). Then P* maps 

p t . L 2m( N t^ n ^t)_L ^ L 2m (N t ) n (W*) 1 " (46) 

and has an inverse (P') _1 bounded independently oft on these spaces, in a weak 
sense. (Actually, we do something more complicated than this, in which W* is 
an approximation to (l,u>i, . . . ,u> g _i) defined explicitly in terms of bounded 
harmonic functions on L\, . . . , L n .) 

In Step 7, the sequence (/fc)fc°=o is constructed as before. The bound on 
the inverse of i|46|) can be used to inductively bound the components of fk 
in (W 1 )^. But we still need to bound the components 7r w *(/fe) of fk in W*. 
Since f = and Q(x,0, 0) = 0, equation ijHJ) gives P* fx = ^ m sin0*, so that 
/i = (P*) _x (V' m sin0 t ). It turns out that we need 7r w t(/i) = o(t 2 ) for f k to 
remain small as k — > oo. 

As (P*)" 1 = 0(i 2 - m ) on (wi,...,w g _i), this holds if 7r w t (?/> m sin<9*) = 
o(t m ). Calculation shows that the dominant term in n w t (ip m sin^*) is 0(t m ), 
and proportional to the left hand side of (|45|l . Therefore ir w t (ijj m sin 0* ) = o(i m ) 
if and only if (|45|l holds, and this is the condition for the sequence (fk)kLo to 
remain bounded and converge to a small solution of (|42[1 . 

If X 1 is connected, so that q = 1, then k(i,j) = 1 and l|45|l becomes 

i=i j=i 

But 2/=iPi ] — an d ■ [Si] = as is the image of a class in 

H ,n ~ 1 (Li,M.), and £, is the boundary of Li. Therefore (|45|l holds automatically 
when X 1 is connected, and Theorem 17.21 reduces to Theorem 17. II in this case. 

7.3 Desingularization when Y(Li) ^ 

In [HI Th. 6.13] we extend Theorem[7TTlto the case A, < 0, allowing Y(L,) ^ 0. 
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Theorem 7.3 Let (M, J, a>, f2) &e an almost Calabi-Yau m-fold for 2 <m<6, 
and X a compact SL m-fold in M with conical singularities at xi,...,x n 
and cones C\, . . . ,C n . Let L\, . . . ,L n be Asymptotically Conical SL m-folds 
in C m with cones Ci, . . . , C n and rates Ai, . . . , A n . Suppose that Xi ^ for 
i = l,...,n, that X' = X \ {x\, . . . , x n } is connected, and that there exists 
g £ H 1 (X' , R) such that (Y(Li), . . . , Y~(L n )) is the image of g under the map 
i^pf'.R) 0™ =1 iS^E^R) tn 03, w/iere E. ( = QnS 2 "- 1 . 

XTien mere exists e > and a smooth family {iV* : t £ (0, e]} o/ compact, 
nonsingular SL m-folds in (M, J, a), O), suc/i mat TV* is constructed by gluing 
tLi into X at Xi for i = 1, . . . , n. In the sense of currents, N X as t — > 0. 

There is also £Q2 Th. 6.12] an analogue of Theorem 17.21 combining the 
modifications of Theorems 17 . 21 and 17 .31 but for brevity we will not give it. 

The new issues when Y{Lj) ^ come mostly in Step 2 of H7.ll As [%,] = 
Y(Li) £ iJ 1 (Sj,R) by Theorem 16.61 if YiLi) / then \i is 110 longer an exact 
form. Therefore, in Step 2 we cannot choose a closed 1-form £* on E, x [i r , 2i r ] 
interpolating between £ 2 %i at r = < r and m at r = 2t T , since t 2 %i and 77^ have 
different cohomology classes. 

Thus we cannot choose N* to coincide with X away from a^, and work 
locally near Xi, as we did in H7.ll Instead, we define N* away from xi to be 
$ x / (r(i 2 a)) , where a is a 1-form on X 1 satisfying da = d*(ip m a) = 0, and 
|a| = 0(r _1 ) near X{. We show using analysis on manifolds with ends that 
there is a unique such 1-form a with [a] — g for each g £ H 1 (X' , R). 

To glue Ti(tLi n -Br) and <I> X ' (T(i 2 a)) together as Lagrangian m-folds the 
cohomology classes of t 2 Xi and i 2 a must agree in i? 1 (Ei,R). This holds if the 
image of g under the map ^(A^K) — > 0" =1 _ff 1 (E i ,R) is . . . ,Y(L n )), 

as in the theorem. Thus, the existence of g with this property is a necessary 
condition for the existence of N as a Lagrangian m-fold in (M,u>). 

After constructing TV* we need to estimate norms of ip m sin0' in Step 3. The 
condition d*(ip m a) = means that linear terms in t 2 a contribute to ip m sin#*. 
However, quadratic terms in t 2 a contribute 0(t A ) to ?/; m sin0* on most of AT', 
so all norms of i/j m sin0' are at least 0(t A ). 

Now to show that (fk)kL converges in Step 7 we need ||i/> m sm6>'|| L 2 = 
o(i 1+m / 2 ) for small t. As \\ip m sin t \\i J 2 has 0(t 4 ) contributions, this is possible 
only if m < 6. Therefore we have to restrict to complex dimension m < 6 when 
Y(Li) / for this method of proof to work. 

7.4 Desingularization in families (M, J s , u s , 

Next we explain the work of |181 §7-§8] on desingularization in families of al- 
most Calabi-Yau m-folds (M, J s ,u s , n s ). The analogue of Theorem O is [H 
Th. 7.15], but for brevity we will not give it. Here |181 Th. 7.14] is the families 
analogue of Theorem 17.21 

Theorem 7.4 Suppose (M, J,lj,Q) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at x\, . . . ,x n and cones 
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Ci, . . . , C n . Define ip : M — > (0, oo) as in Le£ Li, . . . , L n be Asymptotically 
Conical SL m-folds in C m with cones C\, . . . , C n and rates Ax, . . . , \ n . Suppose 
Xi < for i = 1, . . . ,n. Write X' = X \ {x u . . . , x n } and £; = C t n S 2 ™- 1 . 

Sei q = b (X'), and let X[, . . . , X' q be the connected components of X' . For 
i = 1, . . . ,n Ze£ Zj = arid Zei . . . , 6e 4/ie connected components of 

Si. De/me j) = 1, . . . , g 6y T; o ^(S^ x (0,R')) C for i = l,...,n 

and j = l,...,Zj. Suppose the compact m-manifold N obtained by gluing Li 
into X' at Xi for i — 1, ...,n is connected. A sufficient condition for this to 
hold is that X and Li for i — 1, . . . , n are connected. 

Suppose {(M,J s ,uj s ,n s ) : s e J 7 } is a smooth family of deformations of 
{M,J,u,n), with base space T C R d . Let t« : H 2 {X,R) -> H 2 (M,R) be the 
natural inclusion. Suppose that 

[w s ]-i»( 7 ) = for all s £ T and 7 G H 2 (X,M). (47) 

Define Q C T x (0, 1) to 6e the subset of (s, t) £ T x (0, 1) with 

[lmn s ]-[X 1 k ]=t m ]T V(^r^)-K] /orfc = l,...,g. (48) 

Then there exist e £ (0, 1) cmd k > 1 arte? a smooth family 

{N s ' f :(s,t)eg, 4 6(0,6], |s| <t K+m / 2 }, (49) 

sucft i/icrf iV s,t is a compact, nonsingular SL m-fold in (M, J s ,lu s ,Q S ) diffeo- 
morphic to N, which is constructed by gluing tLi into X at Xi for i = 1, . . . , n. 
In the sense of currents in Geometric Measure Theory, N' 3 ^ — > X as s,t — > 0. 

To prove it we modify Steps 1-7 of tJ7.ll in the following ways. In Step 1 
we generalize Theorem 14.31 to give smooth families of maps Tf : Br — > M and 
<f>%, : U x > -> M for small s E T with (Tf)*(w s ) = u)', (<f> x ,)*(u s ) = to and 

= Ti, = $ X '- Using these, in Step 2 we define a smooth family of 
Lagrangian m-folds TV 5 '* in (M, u> s ) for small s £ J- and t £ (0, <5). In the rest 
of the proof we make everything depend on s £ J 7 , and deform iV s '' to an SL 
m-fold iV s >* in (M, J s , w s , Q s ) for small s £ T and t £ (0, 5). 

To allow X' not connected, as in tJ7.2l we introduce a vector subspace W s,t C 
C°°(N s ' t ), and we need n w s,t (ib m sin^ s,t ) = o(f m ). The dominant terms in 
7r w s,t [ip m sin^ 5 '*) are of two kinds: 0(t m ) terms involving the ZiLf), as in H7.2I 
and also terms in [imfF] • [X' k ]. Equation (j48(l requires these two terms to 
cancel, so that ir w s,t (ij) m sm9 s,t ) = o(t m ), and the rest of the proof works. 

Here ^0 Th. 8.10] is the families analogue of Theorem l7.3l 

Theorem 7.5 Let (M, J, u),&l) be an almost Calabi-Yau m-fold for 2 <m<6, 
and X a compact SL m-fold in M with conical singularities at x\, . . . , x n and 
cones Ci, . . . , C n . Let L\, . . . , L n be Asymptotically Conical SL m-folds in <C m 
with cones C\, . . . , C n and rates X%, . . . , X n . Suppose A,; ^ for i = 1, . . . , n, 
and X' = X \ {x\, . . . , x n } is connected. 
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Suppose {(M,J s ,uj s ,il s ) : s G F) is a smooth family of deformations of 
(M, J,uj,SY), with base space T C M. d , satisfying 

[Imfi s ] • [X] = for all Is G JF, where [X] e H m (M,R). (50) 

Define m G H^ S (X' , R) to fee </ie image of (Y(L\), . . . ,Y(L n )j under the map 
0" =1 iJ^S^R) -> i? c 2 s (X',M) m (HHJ). De/me gCfx(0,l) to &e 

= {(s,t) GJFx (0,1) : [w s ] • t,( 7 ) = t 2 w 7 /or aH 7 G # 2 (X,R)}, (51) 

where : H2(X, R) — » H2(M, R) is i/ie natural inclusion. 

Then there exist e G (0, 1), k > 1 and i9 G (0, 2) and a smooth family 

{N"'* :(s,t)eg, t6(0,e], |s| < i*}, (52) 

smc/i mai A^ s,t is a compact, nonsingular SL m-fold in (M, J s , i7 s ), which is 
constructed by gluing tLi into X at Xi for i = 1, . . . ,n. In the sense of currents 
in Geometric Measure Theory, N s,t — > X as s,t — » 0. 

In H7.3I we saw that when F(Lj) ^ there is a topological obstruction to 
defining N* as a Lagrangian m-fold in (M,ui), so that JV* exists only if the 
Y(Li) satisfy an equation. In this case there is also an obstruction to defining 
7V S '* as a Lagrangian m-fold in (M, ui s ), but now the condition in l|51() for iV s,< 
to exist involves both Y(Li), which determine w, and 

Here is how to understand the relation between the conditions for X 1 to 
exist in Theorem 17.31 and for X s ' 1 to exist in Theorem 17.51 As (I18fl is exact, 
(Y(Li), . . . , Y(L n )) is the image of g G H 1 (X\ R) if and only if the image w of 
(Y(Li), . . .,Y{L n )) in Hl(X',R) is zero. 

Now uj° = w and [v] ■ t*( 7 ) = for all 7 G H2(X, R), as X' is Lagrangian in 
(M,u). Thus when s = 0, equation (|51(l reduces to i 2 nj • 7 = for all 7. But 
H 2 S (X',R) S H" 2 (^,R)* by (j23l. Thus when s = equation (jSH) is equivalent 
to w = 0, which is equivalent to the existence of p in Theorem 17.31 

Note that as the conditions (|48|l and l|51|) for the existence of N s,t involve 
both s and t, it can happen that an SL m-fold X with conical singularities admits 
no desingularizations N* in (M, J, u>, f2), but does admit desingularizations -/V s '* 
in (M, J s , uj s , f2 s ) for small s ^ 0. Thus we can overcome obstructions to the 
existence of desingularizations by varying the underlying almost Calabi-Yau 
m-fold (M, J, oj, Q). 

We also prove a theorem Th. 8.9] combining Theorems 17.41 and 17.51 
desingularizing in families when Y(Li) ^ and X' is not connected. However, 
for technical reasons it is not as strong as the author would like, in that we must 
assume both sides of (fl%j) are zero rather than just that (f^ holds. 

8 Discussion: how moduli spaces fit together 

We now consider the boundary dAi N of a moduli space Xi N of SL m-folds. 
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Definition 8.1 Let (M, J, u>, ft) be an almost Calabi-Yau m-fold, N a compact, 
nonsingular SL m-fold in M, and A4 N the moduli space of deformations of N 
in M. Then A4 N is a smooth manifold of dimension ^(N), by Theorem 12. 1UI 
In general A4 N will be a noncompact manifold, but we can construct a natural 
compactification M N as follows. 

Regard M. N as a moduli space of special Lagrangian integral currents in the 
sense of Geometric Measure Theory, as discussed in §6]. An introduction to 
Geometric Measure Theory can be found in Morgan |25j . Let M. N be the closure 
of M N in the space of integral currents. As elements of M N have uniformly 
bounded volume, M. N is compact by |25l 5.5]. 

Define the boundary dM N to be M N \ M N . Then elements of dM N are 
singular special Lagrangian integral currents. Essentially they are singular SL 
m-folds X in M which are limits of nonsingular N G M N in an appropriate 
sense. By a result of Almgren, the singular set of each X £ dM. N has Hausdorff 
dimension at most m — 2. 

In good cases, say if (M, J, uj, SI) is suitably generic, it seems reasonable that 
dM N should be divided into a number of strata, each of which is a moduli 
space of singular SL m-folds with singularities of a particular type, and is itself 
a manifold with singularities. In particular, some or all of these strata could be 
moduli spaces M. x of SL m-folds with isolated conical singularities, as in 33 

In this case, using fJ7|for each X e M x we can try to construct desingu- 
larizations N l in A4 N by gluing in AC SL m-folds L\ at the singular points 
Xi of X for i = 1, , . . ,n. In good cases, say when the cones Ci of X are sta- 
ble, every N S M N close to M x might be constructed uniquely from some 
X, L\, . . . , L n , and so we could identify an open neighbourhood of M x in M N 
with a submanifold of the product of moduli spaces Ai x xM^ x ••■ xA4° n . 

The goal of this section is to work towards such a description of Ai N near 
a boundary stratum M. x which is a moduli space of SL m-folds with conical 
singularities. Our treatment will be informal or conjectural in places, and is far 
from giving a complete picture of dA4 N . 

8.1 Topological calculations and dimension counting 

We shall consider the following situation. 

Definition 8.2 Let (M, J, oj, ft) be an almost Calabi-Yau m-fold for 2 < m < 6. 
Here the assumption m < 6 is only so that we can apply Theorem 17.31 and |181 
Th. 6.12], and all of the topological calculations below actually hold when m > 2. 
Define ip : M — > (0, oo) as in Q. 

Let A be a compact SL m-fold in M with conical singularities at x\, . . . ,x n 
and cones d,...,C n . Write Si = d n S 2 " 1 ' 1 and X' = X \ {x u . . . , x n }. 
Let Ai x be the moduli space of deformations of X in M, as in Definition 15.11 
Write X for a general element of M. x . Let X x i be the image of H^ S (X',M.) in 
as in Theorem IO 

Let Li,...,L n be Asymptotically Conical SL m-folds in C m with cones 
Ci, . . . ,C n and rate 0. Let M° L . be the moduli space of deformations of Li with 
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rate 0, as in Definition 16. 71 Write L\ for a general element of M° L .. 

Let q = b°(X') and X[, . . . ,X' q be the connected components of X'. For 
i = 1, . . . , n let li = 6°(Ej), and let E|, . . . , E|* be the connected components of 
Ej. Define k(i,j) = 1, . . . , q by Ti o <^i(S^ x (0, R')) C XLjj), as usual. 

Define y t C iJ^Ej.R) and Zj C H m - 1 (E il R) to be the' images of the map 
H k (Li, R) -» ff fc (E;,R) of (EU) for fc = l,m - 1. Define maps 7r yi : M° Li -> 3>; 
and 7r £ . : — > Z, by ^.(Lj) = and ■K z .(L i ) — Z(Li), These are 

well-defined as Y(Li), Z(Li) are images of classes in H k (Li,M.) by Definition 
16.21 Write general elements of 3« as 74, and of Zj as Si- 

Let the vector subspace y in 3^1 x ■ ■ ■ x 34 be the intersection of 3*1 X • • • x y n 
with the image of the map iT 1 (X', R) -> 0" =1 ff^E^R) in JTHJ). Let the vector 
subspace Z in Zi x • ■ ■ x Z„ be the set of all (<5i, . . . , S n ) for which 

ip(xi) m 5i ■ [S? ] = forallfc = l,...,g. (53) 

fe(iii)=fe 

Suppose (Y~(Xi), . . . , Y"(i„)) e J 7 . This is equivalent to the existence of g in 
Theorem 17.31 Suppose (Z(Li), . . . , Z(L n )) 6 Z. This is equivalent to equation 
<|45|) of Theorem 17.21 Let N be the compact m-manifold obtained by gluing Li 
into X 1 at a;, for i = 1, . . . , n, as in Theorem 17.21 Suppose iV is connected. 

Let JV* for i € (0, e] be the desingularizations of X constructed in Theo- 
rem [7^1 when Y(Li) = (as then Li is actually AC with rate \ < by |151 
Th. 7.11(b)]), and in Theorem 1731 when X' is connected, and in Q21 Th. 6.12] 
in the general case. Then each N* is a compact SL m-fold in M diffeomorphic 
to N. Let M. N be the moduli space of deformations of N*, which is independent 
of t. Then M jv is a smooth manifold of dimension 6 1 (iV), by Theorem I2.lt)! 

The next four results compute the dimensions of various spaces. 
Lemma 8.3 In the situation above we have dimZ x < = b\ s (X') + q — ^ZILi h- 



Proof. From H18[) we see that I x > fits into an exact sequence 

n 

O^H (X',R)^^H CE u R)^H^(X',R)^l xl -» 0. 
i=i 

The lemma follows by alternating sum of dimensions. □ 



Proposition 8.4 In the situation above, M. L . is a smooth manifold with 

dimy i = b 1 (L i )-b°(L i ) + l i -b 1 cs (L i ), dim Zi=li-b° (Li) 
and dim.M°. = ^(L;) - b°(Li) +l 4 . 

Also the projection ir y . x ir z . : Ai° L . — + 3« X Zi is a smooth submersion. 
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Proof. From 131( 1 we see that 3^ fits into an exact sequence 

-> fl°(£i,R) H (S i5 K) -> Hi(Li,R) -> H\L t ,R) -> ^ -> 0. 

Taking alternating sums of dimensions gives dim 3^ in 154(1 . Similarly, 2^ fits 
into an exact sequence 

-> - ir^^K) -> H™(Li,~R.) -» i/ m (i l; R) -» 0. 

But Poincare duality gives & m_1 (Ej) = &°(E 4 ) = = b°(Li) and 

6 m (L 4 ) = 6° s (Li) = 0, so we deduce dim .2; in ( P|l . 

Suppose < A; < min(X» E . n(0,oo)). Then [El Th. 7.11(b)] shows that 
any AC SL m-fold Li with cone Ci and rate Xi is also Asymptotically Conical 
with rate 0. Hence M.\\ = Ai° L ., in the notation of Definition 16.71 Part (a) of 
Theorem 16.81 then shows that M° L . is smooth with dimension given in 1(54(1 . 

We can deduce that 7r y . x tt z . is a smooth submersion from the proof of 
Theorem 16.81 in Marshall 21, §6]. Smoothness holds for fairly general reasons. 
To show that 7r y . x 7r z . is a submersion we need to verify that the natural pro- 
jection T L .M? L , — > 3-1 X Zi is surjective, and this follows from the determination 
of T ti .M°* in fell §5.2]. □ 

Proposition 8.5 dimZ= 1 -g+ X)"=i dim = 1— g+X)^=i k-J2i=i b°(Li). 

Proof. Let <5^ £ Z for i = 1, . . . , n. Then Si ■ [Ej] = 0, since 5j is the image of a 
class in and Ej is a boundary in Lj. As [Ej] = X^=iPiL summing the 

left hand side of ((53(1 over k = 1, . . . , q yields Y^i=i i ; ( x i) m Si ' Pi]> which is zero. 
Thus, for any (Si, . . . , S„) £ Zi X ■ ■ ■ X Z„, the sum of ffify over k = 1, . . . , q 
holds automatically. That is, the q equations 1(53(1 on 5%, . . . , S n are dependent, 
and represent at most q — 1 independent restrictions on Si, . . . , 5 n . 

We claim that l(53|) is exactly q — 1 independent restrictions on 5i, . . . , S n . 
Then dimZ = 1 — q + dimZj, and the proposition follows from ((54(1 . To 

see this, note that X' has q connected components X[, . . . , X' q , which are joined 
into one connected N by gluing in Li, . . . ,L n . Define a Zmfc to be a triple 
(X'j,X' k , L\), where 1 ^ j < k ^ q and L\ is a connected component of some Lj 
which is glued into both Aj and X' k at a?j. 

Then we can choose a minimal set of 5 — 1 links which join A|, . . . , A' 
into one component. It is not difficult to show that from (Xj, X' k , L\) we can 
construct Si £ Zi as the image of a class in H m ~ 1 (L\,M.), such that the q — 1 
classes Si obtained from the minimal set of q — 1 links give linearly independent 
left hand sides of 1(53(1 . thought of as vectors in M. q . Hence 1(53(1 is at least q—1 
independent restrictions on Si, . . . , S n , and the proof is complete. □ 

Proposition 8.6 b\N) = dim? + 1 + bl s (X') + £™ =1 - £™ =1 h. 

Proof. Regard X' as the interior of a compact manifold X 1 with boundary 
Ui!li an d i< as the interior of a compact manifold Li with boundary Ej. 
Then N is constructed by gluing X 1 and L\, . . . , L„ together along Ei, . . . , E„. 
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Thus the disjoint union JJ i=1 Ej is a subset of N, with iV \ JJ i=1 Ej diffeo- 
morphic to the disjoint union of X' and L±, . . . , L n . The pair (AT; JJ™ =1 Ej) gives 
an exact sequence in cohomology: 

n n 

i=i i=i ( 55 ) 

-> H k (N,R) 

since i/ fe (A^; JJ" =1 S », R ) - #cs(^', R ) © 0f=i #cs(^, R ) b Y excision. 

Now from the definitions of 3^ , y and exactness of (|18|) and (|31|) we find 
that the kernel of 0" =1 iJ^E^R) -> i7 c 2 s (X',M) © 0™ =1 H^ S (L U R) in is 

Thus as b° s (X') = &"s(^i) = we have an exact sequence 

n n 

fl°(JV, R) ff°(E 4 , R) -> ffi (X', R) © R) 

i=l i=l 

-» ff^JVjR) -> ^ -> 0. 
The proposition follows by alternating sums of dimensions, as b°(N) = 1. □ 



8.2 Describing the moduli space .M^ near its boundary 

We continue to use the notation of H8.ll From Lemma 18.31 and Propositions 
l8.4H8.tjl we deduce the following theorem. Smoothness of Ln and the first 

line of (|57|l follow as 7r y . x tt z . is a smooth submersion by Proposition l8.4l and 
the rest of l|57|l from the dimension formulae above. 



Theorem 8.7 In the situation of Definition \8.2A define a family Ln of 

n-tuples of AC SL m-folds by 



J Li,...,L n 



{(L 1 ,...,L n )eM° Li x---xM° Ln : 

\ , ... (56) 

(r(Li), . . . , Y{L n )) e y, (Z{Lt), Z(L n )) e zj. 

Then T*^ Ln is a smooth manifold with 

dim^ Ln = dim^ + dimZ + £" =1 (dim.M°. - dim 3^ - dimZ,) 

= dimy+l-q + Y:tM L i) (57) 
= b\N) -dimT x /. 



The significance of the theorem is that J-^ Ln is the family of n-tuples 
of AC SL m-folds L\, . . . ,L n which can be used to desingularize X using the 
results of [d Now M N is smooth with dimM N = b^AQ by Theorem ISTTU1 
If the cones Cj are stable then Corollary 15.31 shows that M. x is smooth with 
dim .A/fx = dimX x /. So we see from Theorem 18 . 71 that : 
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Corollary 8.8 Suppose the SL cones C\,...,C n are stable, in the sense of 
Definition \3.4\ Then the moduli spaces A4 X ,M N and J 7 * Ln are smooth 
manifolds with dim./Vf x -\- dixsiJ 7 * hn = dimM N . 

We claim that in the stable singularities case, M N is roughly speaking locally 
diffeomorphic to A4 X x T* Ln near M. x C dM. N . That is, each N in this 
region of A4 N can be constructed from some unique X £ M x and (L\, . . . , L n ) G 
l by gluing Li into X at Xi. This is the reason for the formula dim M x + 
dim T '* Ln — dmiA4 N . To explain why, we make the following definition: 

Definition 8.9 Suppose (M, J, u, O) is Calabi-Yau, so that if> = 1. Choose 
X G .M-x with singular points x\, . . . , x n and (L 1 ,...,L n ) 6 .F? ... . Then 
the definition of J 7 * L implies that X, Li satisfy the hypotheses of Theorem 
Q if X(Li) = 0, or Theorem Q if a = 1. or [T51 Th. 6.12] in the general case. 
Thus, these theorems give e > such that for t G (0, e] there exists a compact 
SL m-fold iV* in M constructed by gluing Li into X at sti. 

Observe that (tL\, . . . ,tL n ) G T* Ln for t > 0. Define a subset U in 
x JF* tn and a map * : -> X„ by (X, (iii, . . .,££„)) G {/ if i G (0, e], 
where e > depends on X, as above, and then ^(X, (tLi, . . . , tL n )) = N*. 

To make well-defined we have to ensure that iV* is independent of choices 
made in its construction. Actually the choice of g G H 1 (X',R) in Theorem l7.3l 
does affect N*. Now g is unique up to addition of the kernel of H 1 (X',M.) — > 
©^Li H 1 (Y,i,~R) in l|18|l . Choose a vector subspace of H 1 (X',R) transverse to 
this kernel, and restrict g to lie in this subspace. 

This gives a way to choose g uniquely. Once this is done the N are inde- 
pendent of choices up to a small Hamiltonian isotopy, and iV* is the unique SL 
m-fold in this Hamiltonian isotopy class close to N l , so N f is independent of 
the remaining choices. 

Here is why we assumed M is Calabi-Yau above. If M is only almost Calabi- 
Yau, then ip need not be constant. But Z depends on tp{ x i) by l|53l) . Thus, if 
we vary X to X G M. x then we should define J 7 * L ^ using Z defined with 
ip(xi) in 153() instead of Z. So the family T* Ln should vary with X G M x 
rather than being constant, but only in a rather trivial way. 

We claim that when the Ci are stable, the map ^ is a local diffeomorphism 
from the interior U° of U to its image in A4 N . One can justify this as follows. 
By §9.4] we can define natural coordinates on A4 N , local diffeomorphisms 
M N — > H 1 (N, R) defined uniquely up to translations in H 1 (N, R). In the 
same way [161 §6.5] defines local diffeomorphisms Ai x — > X x > uniquely up to 
translations in X x i , and a similar thing applies for M° L , so that we can construct 
natural coordinate systems on J 7 * Ln . 

Using the topological calculations of i )8.1l one can show that for Ci stable 
the natural coordinate systems on Ai N can be identified with products of the 
natural coordinate systems on A4 X and J 7 ^ Ln , and '5 is just the product map 
in these coordinates. Thus \& is a local diffeomorphism on U° . 

When the Ci are not stable, things are more complicated. Then Ai x may 
be singular. If X is transverse, which we expect for generic (M, J, uj,Q) by 
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Coniecture l5.12l then M. x is smooth of dimension dimZ X ' — dim0 X ' near X. In 
this case Theorem l8.7l implies that dim M x +dim T* ' Ln = dim M N — dim0 x /. 
We expect ^ to be a smooth immersion wherever M x is smooth, with image of 
codimension dim0 X ' in M N . 

Thus, when the Ci are not stable and X is transverse, the desingularization 
results of J7] do not yield the whole of M N locally, but only a subset of codi- 
mension dimO x ' = Ym=i s-ind(Cj). Where do these extra degrees of freedom 
in A4 N come from? A rough answer is that the s-ind(Cj) reduction in 

dim M x reappears as an extra s-ind(Ci) degrees of freedom to deform each 
as an AC SL m-fold, but with rate Xi < 2 rather than rate 0. 

Choose Xi with max(P s . n [0, 2)) < A, < 2. Then by part (a) of Theorem 
16.81 the moduli space M^. of deformations of Li with rate Xi is smooth with 

dimX^=6 1 (L i )-6°(L i ) + Ar s! (A l )=dimA4° i +iV Ei (2)-m Ei (2)-6 (S i ), (58) 

using the notation of Definition ^. 3l and the fact that N s . is monotone increasing 
and upper semicontinuous, and increases by m s .(2) at 2. 

Suppose Ci is rigid, as in Definition 13.41 Then (|10|) and H58|) give 

dimM** = dim A4° s + s-ind(C i ) + 2m. (59) 

Thus, deforming Li with rate Xi rather than gives an extra s-ind(Ci) + 2m 
degrees of freedom. Here the 2m comes from translations in C m , since the AC 
SL m- folds of rate A ^ 1 are closed under translations, and the s-ind(Ci) from 
new, nontrivial deformations of Li. 

So when X is transverse and the Ci are rigid, we can understand the differ- 
ence in dimension ^27=1 s-ind(Cj) between A4 X x L and AA N as coming 
from an extra s-ind(Ci) nontrivial deformations of Li an an AC SL m-fold with 
rate Xi rather than 0. If the Ci are not rigid, we should take into account also 
extra infinitesimal deformations of Ci as an SL cone. 

8.3 The index of singularities of SL m-folds 

We can now make more rigorous some speculations by the author in |141 §10.3]. 
Suppose, as above, that A4 N is a moduli space of compact, nonsingular SL re- 
folds in (M, J, u), Q), and that M. x is a moduli space of singular SL m-folds in 
dM N with singularities of a particular type, and X (E A / t x . 

Define the index of the singularities of X to be ind(A) = dim M. N — dim M x , 
provided M. x is smooth near X so dimA'fx is well-defined. Note that ind(A) 
depends not just on X and its singularities, but also on N through dim./Vljv — 
b 1 (N) . Thus there could be topologically distinct desingularizations Nx,N2,... 
yielding different values of ind(A). 

We can also work in families T of almost Calabi-Yau m-folds (M, J s ,ui s , fi s ). 
Defining as in Definition 12 . 1 51 and Ai x as in Definition 15. 61 the index of X 
in T is huT(X) = A\mM% - dimX x . Note that ind(X) dimX N = ^(N), 
as dimMx ^ 0, and ind^(A) < dimM%. 
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Combining Corollarv l5 . 51 and Theorem 18. 71 we can compute ind(A) when X 
is transverse with conical singularities. In the families case, if X is transverse in 
T then a similar proof shows that ind^(X) is given by the same formula (|(j(JI) . 

Theorem 8.10 Let X be a compact, transverse SL m-fold in (M, J,oj,tt) with 
conical singularities at x±, . . . , x n and cones C%, . . . , C n . Construct desingular- 
izations N of X by gluing AC SL m-folds L\, . . . , L n in at x\, . . . , x n , as in 
Let q,y be as in Definition \8.S[ Then 

ind(X) = dim y + 1 - q + £? =1 + E? =1 s-ind^)- (60) 

When n = 1 this proves Conj. 2.13], in the transverse case. 

Suppose Ci is not rigid, for instance if Ej is not connected. Then Ci may lie 
in a smooth, connected moduli space d of SL cones in C m , upon which SU(m) 
does not act transitively. In this case, as in ^3 §8.3], it is better to define M x 
to be the moduli space of X with cones Ci € Ci, rather than with fixed cones 
Ci. Under suitable transversality assumptions, this increases the dimension of 
Ai x by the codimension of the SU(m) orbit of Ci in Ci, so this codimension 
should be subtracted from the r.h.s. of (|uT7|) . 

Here is why the index is an important idea. As ind(A) is the codimension 
of M x in the largest pieces of dA4 N are the M. x with smallest index. 

So we argue that singularities with small index are the most generic, and the 
most interesting. In good cases, we expect j\4 N to be a compact manifold with 
singular boundary. Thus the largest pieces of dj\4 N should have codimension 1 
in M N , and hence index 1. If dj\4 N has no index 1 strata, then j\4 N is roughly 
a compact, singular manifold without boundary. 

As tools, ind(A) or ind jr (A) probably work best together with a genericity 
assumption on (M, J, lo, fi) or T . Suppose that oj is generic in its Kdhler class. 
Then as in Coniecture l5.12l we expect SL m-folds X in (M, J, oj, fl) with conical 
singularities to be transverse, so we can compute ind(A) using (|6U|) . 

Since ind(A) ^ ^(N), this places strong restrictions on the kinds of sin- 
gularities that can occur in dA4 N . In the families case, when T is generic in 
a suitable sense we expect SL m-folds X in (M, J s , oj s , fi s ) with conical sin- 
gularities to be transverse in T. Then we can compute ind^(A) using (|60|) . 
Since ind^(A) ^ dimTW^, this again places strong restrictions on the kinds of 
singularities that can occur in dA4%. 

For some problems we only need to know about singularities with index up 
to a certain value. For example, in \7\ the author proposed to define an invariant 
of almost Calabi-Yau 3-folds by a weighted count of SL homology 3-spheres in 
a given homology class. To understand how this invariant transforms as we 
deform (M, J, cj,0), we restrict to a generic 1-dimensional family T, and then 
we meet only singularities with index 1. 

The index may also be useful in the SYZ Conjecture |27) . This explains 
Mirror Symmetry of (almost) Calabi-Yau 3-folds M, M in terms of fibrations 
by SL 3-tori N, N. The corresponding moduli spaces M N , Mf, have dimension 
3, so that dM N , 8A4n can only contain singularities of index 1, 2 or 3. 
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9 Applications to connected sums 



We shall now apply the results of J7| to the case where the SL m-fold X with 
conical singularities is actually a nonsingular, immersed SL m-fold, the singular 
points Xi are self-intersection points of X satisfying an angle criterion, and the 
AC SL m-folds Li are chosen from the L^' A of Example 16.111 due to Lawlor |19|. 
The desingularizations N are multiple connected sums of X with itself. 

For the connected sum X\f^X^ of two SL 3-folds at one point in a Calabi- 
Yau 3-fold, our results were conjectured by the author in |7| §5— §6] . Butscher |2] 
proves existence of SL connected sums X\^Xi at one point by gluing in Lawlor 
necks L^' A , where X\,Xi are compact SL m-folds in C m with boundary. 

Closer to our results, Lee |H] considers a compact, connected, immersed SL 
m-fold X in a Calabi-Yau m-fold M, whose self-intersection points Xi satisfy 
an angle criterion. She glues in L^' A at xi to get a family of compact, embedded 
SL m-folds in M. Her result is re-proved in Theorem 19 . 51 below. 

9.1 Transverse intersections of SL planes n + ,il _ in C m 

Let II + , II be two SL m- planes R m in C m . We call II ± transverse if they 
intersect transversely, that is, if II + n II - = {0}. Note that this has nothing 
to do with the use of 'transverse' in 33 We now classify transverse pairs of SL 
m-planes up to the action of SU(m). Related results may be found in [21 §1] 
and [HJ §2], but we believe our approach is clearer. 

Proposition 9.1 Let II + ,II~ be transverse SL m-planes M. m in C m . Then 
there exists B € SU(m) and <f>\ , . . . , (f> m G (0, 7r) such that B(IL + ) = H° and 
B(H~) = n^, where <p = (</>i, . . . , cf> m ) and 

U° = {(x 1 ,...,x m ):x j eR}, = {(e i ^x l ,...,e i ^x m ):x j GW}, (61) 

as in Q41|l . Moreover <pi , . . . , <p m are unique up to order, so that we can make 
them unique by assuming that <f>\ ^ <f>2 ^ • ■ ■ ^ 4> m , and </>! + •■• + <f> m = kir for 
some k = 1, . . . , m — 1. 

To prove this, first find B' e SU(m) with B'(U+) = II , and then find 
B" e SO(m) which 'diagonalizes' B'(Ur ) to get n*, and set B = B" B' . The 
process is like diagonalizing a real quadatic form on M m with an SO(m) matrix. 
We use the proposition to divide transverse pairs into types. 

Definition 9.2 Let n+,n~ be transverse SL m-planes R m in C m . Then 
Proposition 19.11 gives B £ SU(m) and unique < <f>\ ^ <f>2 ^ • ■ ■ ^ <f> m < ^ 
with cf>i + --- + 4> m = kn for some k = 1, . . . , m — 1, such that B(H + ) — U° and 
B(H~) = 11^. We say that the intersection point of II + , II~ is of type k. 

Note that this depends on the order of II + , II~ . Exchanging replaces <pj 
by 7r — 4>m+i-j for j = 1, . . . , m, and therefore II + , II - intersect with type k if 
and only if II~ , n + intersect with type m — k. 

When k = 1 in Proposition 19. II Example 16 . 1 II gives AC SL m-folds L^ A for 
A > with cone n° U n^. Thus L±> A = B~ X L^ A is an AC SL m-fold with 
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cone II + U II . When k = m — 1 we can exchange II * to get k = 1, and do the 
same thing. So combining Example 16 . 1 II and Proposition 19 . II gives : 

Proposition 9.3 Let II + , II - be transverse SL m-planes R m in C m , for m > 2. 
Regard C = II + UII_ as an SL cone in C m with isolated singularity at 0. Then 
£ = C H (5 2 " 1 " 1 is a disjoint union S + U £~ ; where are i/ie wnii spheres 
S™- 1 in U ± . Then 

(a) Suppose II + , II intersect with type 1. TTien t/iere is a 1-parameter family 
of AC SL m-folds L ±,A in C m asymptotic to C with rate 2 — m for A > 0, 
with Z{L±> A ) ■ [£+] = A and Z{L^ A ) ■ [XT] = -A. 

(b) Suppose n + ,II _ intersect with type m — 1. T/ien i/iere is a 1-parameter 
family of AC SL m-folds L ' in C m asymptotic to C with rate 2 — m for 
A > 0, wii/i Z(L ± - A ) • [£+] = -vl and Z{L^ A ) ■ [S~] = A. 

XTie L ±,yl are images of the L^ ,A of Examvle \b'.ll] under SU(m) rotations. 
We will call the L ±,j4 Lawlor necks. They are diffeomorphic to 5 m_1 x R. 

9.2 Desingularizing immersed SL m-folds 

Here is some notation for self-intersection points of immersed SL m-folds. 

Definition 9.4 Let (M, J, w, f2) be an almost Calabi-Yau m-fold for m > 2, and 
define tp : M — > (0, oo) as in Let X be a compact, nonsingular immersed SL 
r7i-fold in M. That is, X is a compact m-manifold (not necessarily connected) 
and t:X->Man immersion, with special Lagrangian image. 

Call x £ Af a self-intersection point of X if is at least two points in 

X. Call such an x transverse if is exactly two points x + ,x~ in X, and 

^(T^X) n 7*(T X -X) = {0} in T X M. 

Let x be a transverse self- intersection point of X , and as above. Choose 
an isomorphism v : C rn — > T X M with = a/ and u*(0) = -i/'(a;) m f2', where 

u/, f2' are as in ©. Define n± = v*(i*(T x ±X)). Then II+,ir are transverse 
SL planes R m in C m . 

Define the type k = 1, . . . , m — 1 of x to be the type of II + , II , in the sense 
of Definition 19.21 This is independent of the choice of v, but it does depend on 
the order of x + , x~ , and exchanging x replaces k by m — k. 

We now apply Theorem l7.1l to desingularize connected, immersed SL m-folds 
X in M. Our result is equivalent to Lee's main result [HJ Th.s 3 & 4], save that 
Lee also allows m = 2, and considers only the Calabi-Yau case. 

Theorem 9.5 Let (M, J, ui,Q) be an almost Calabi-Yau m-fold for m > 2, 
and X a compact, connected, immersed SL m-fold in M. Suppose x\,...,x n 
are transverse self-intersection points of X with type 1 or m — 1. 

Then there exists e > and a smooth family |iV* : t £ (0,e]} of compact, 
immersed SL m-folds in (Af, J, w,f2), such that N is constructed by gluing a 
Lawlor neck L ±! * Ai into X at X{ for i = 1, . . . , n, and so is a multiple connected 
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sum of X with itself. In the sense of currents, A* — > X as t — » 0. If x%, . . . ,x n 
are the only self-intersection points of X then A' is embedded. 

Proof. For each i — 1, ... ,71 let i*(xi) be xf , x~ , and define Vi : C n —> T Xi M 
and Ilf as in Definition 19. 41 Then Uf, 11^ are transverse SL planes with type 1 
or m — 1, by assumption. Therefore Proposition gives a 1-paramctcr family 
Lf< A for A > of AC SL m-folds in C m asymptotic to lit u nr. 

Choose some A\, . . . ,A n > 0, for instance A; = 1, and let Li = Lf' Ai for 
i = 1, . . . ,n. Apply Theorem 17.11 to X with conical singular points Xi, cones 
Ci = Hf U II~ and AC SL m-folds Li for i = 1,. .. ,n. As A is connected 
X' = X \ {xf, . . . , x^} is connected, and Li has rate A, = 2 — m < 0, so the 
hypotheses hold. 

Thus Theorem 17.11 gives e > and the family A* , and most of the theorem 
follows. If X has other self-intersection points than x\, . . . ,x n then the A* are 
immersed. But if the only self-intersection points then X' and 

the Li are embedded, so the A* are embedded for small t. □ 

When m = 3 the only possible types are 1 and m — 1, giving: 

Corollary 9.6 Let X be a compact, connected, immersed SL 3-fold with trans- 
verse self-intersection points in an almost Calabi-Yau 3-fold M. Then X is a 
limit of embedded SL 3- folds. 

Next we apply Theorem 17.21 to desingularize non-connected X. If a self- 
intersection point Xi has type m — 1 we can swap xf , x~ to get type 1, so for 
simplicity we suppose the Xi all have type 1. 

Theorem 9.7 Let (M, J,lu,Q) be an almost Calabi-Yau m-f old for m > 2, and 
X a compact, immersed SL m-f old in M . Define %p : M — v (0, 00) as in ijljl. 
Suppose Xi,...,X n £ M are transverse self-intersection points of X with type 
1, and let xf G X be as in Definition \9.J\ Set q = b°(X), and let X\, . . . ,X q 
be the connected components of X. Suppose Ax,... ,A n > satisfy 

i>(xi) m Ai= VX^) m A for allk = l,...,q. (62) 

i—l,...,n: i=l,...,n: 

Let A be the oriented multiple connected sum of X with itself at the pairs of 
points xf ,xj for i = 1, . . . , n. Suppose N is connected. 

Then there exists e > and a smooth family {A* : t e (0,e]} of compact, 
immersed SL m-folds in (M,J,uj,VL) diffeomorphic to N, such that A* is con- 
structed by gluing a Lawlor neck L^* Ai into X at Xi for i = 1, . . . , n. In the 
sense of currents, A* — > X as t — > 0. // the only self-intersection 

points of X then A* is embedded. 

Proof. Use the notation of the proof of Theorem 19.51 The assumption that 
A is connected above is one of the hypotheses of Theorem 17.21 Part (a) of 
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Proposition 19.31 gives Z{Li) ■ [E^] = ±Aj, and using this we find that l|45l) is 
equivalent to (|62|l . The other hypotheses of Theorem 17 . 21 are established in the 
proof of Theorem 19.51 Thus Theorem 17.21 applies, and the rest of the proof 
follows Theorem 19.51 □ 

To decide whether desingularizations A* of X exist, we need to know when 
l|62l) admits solutions Ai > 0. Since q— 1 of equations 162(1 are independent as in 
the proof of Proposition 18. 51 there can only exist nonzero solutions Ai if n ^ q. 

Here is a graphical method for deciding. Draw q vertices, numbered 1, . . . , q. 
For i = 1, ... ,n draw a directed edge from vertex j to vertex fc, where x^~ £ .Xj 
and x~ E . Then l|62|) admits solutions Ai > if and only if whenever we 
divide the q vertices into two disjoint subsets B and C, there is at least one 
directed edge going from B to C, and at least one going from C to B. 

As in fJHlwe can compare the dimensions of moduli spaces Ai x , Mn in The- 
orem l?T7l Since m > 2 it is easy to show that each connected sum either reduces 
b° by 1 and fixes b , or fixes b° and increases b 1 by 1. As b (X) = q, b (N) = 1, 
and dimA^x = b l {X) by Theorem 12. 101 in the immersed case, we see that 

&imM N = b 1 (N) = n+\-q + b 1 (X)=n+\-q + dimM x . (63) 

If n = q then dim M. N = 1 + dim A4 X , and A4 N is a manifold with boundary 
Ai x near X, and the singularities of X have index ind(A) = 1 in the sense of 
M8.3I Note that (|60|l does not give the right answer for ind(A) in this case, as 
Ci = Ilf U is not rigid, and to get the right definition of M x we have to 
allow singular cones Ci not just some fixed 11+ U IT~, but any union n+ U Yl^ 
of transverse SL m-planes flf in C m with type 1. 

9.3 Desingularizing immersed SL m-folds in families 

Next we extend Theorem 19. 71 to families of almost Calabi-Yau m-folds. Follow- 
ing the proof of Theorem 19.71 and using Theorem 17 . 41 we prove: 

Theorem 9.8 Let (M, J, w,f2) be an almost Calabi-Yau m-f old for m > 2, and 
X a compact, immersed SL m-fold in M with immersion i. Define ip : M — > 
(0, oo) ssmQ. Suppose x%, . . . , x n E M are transverse self-intersection points 
of X with type 1, and let xf 1 E X be as in Definition \9.4\ Set q — b°(X), and let 
X\, . . . ,X q be the connected components of X. Let N be the oriented multiple 
connected sum of X with itself at the pairs of points xf , x~ for i — 1, . . . , n. 
Suppose N is connected. 

Suppose {(M,J s ,uj s ,n s ) : s e J 7 } is a smooth family of deformations of 
(M, J, oj, O) with l*([oj s }) = m i/ 2 (A,M) for all s E T. Let Ai,...,A„ > 0. 
Define Q C T x (0, 1) to be the subset of (s,t) E T x (0, 1) with 

[ImO s ].[I t ]=r ^i) m M-t m (64) 

i— l,...,n: 



%— l,...,n: 
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for all k = 1, . . . , q. Then there exist e S (0, 1), K > 1 and a smooth family 



{N s ' 1 :(s,t)eg, t 6(0,6], |s| s=:t K + m / 2 }, 



(65) 



such that iV s,t is a compact, nonsingular SL m-fold in (M, J s , uj s , £l s ) diffeo- 
morphic to N , constructed by gluing a Lawlor neck i ±! * Ai into X at Xi for 
i = 1, . . . , n. In the sense of currents, N s,t — > X as s, t — > 0. If 
the only self-intersection points of X then N s,t is embedded. 

Thus, the main condition for the existence of desingularizations N s,t of X in 
(M, J s ,uj s ,n s ) is that there should exist solutions A 1 ,...,A n > to tfoty. Note 
that the sum of l|64[l over k — 1, . . . , q gives [Imf2 s ] • [X] = 0, which is clearly a 
necessary condition for iV s '* to exist with [iV s '*] = [X]. 

In |Zj the author proposed to define an invariant J3 : H3 (AI, Z) — > Q of 
almost Calabi-Yau 3-folds (M, J, a;, il) by counting SL homology 3-spheres in a 
given homology class with a topological weight. Theorem 19 . 81 will be important 
for this programme, because it determines the transformation rules I3 satisfies 
as we deform (M, J,uj,H) so that J passes through certain real hypersurfaces in 
the complex structure moduli space. 

To explain this we need the idea of SL m-folds with phase e z0 , as in 

Definition 9.9 Let (M, J, u>, f2) be an almost Calabi-Yau m-fold, and N an 
oriented real m-dimensional submanifold of M. Fix 9 € K. We call N a special 
Lagrangian submanifold, or SL m-fold for short, with phase e l ° if 



and cos# Refi + sin (9 Imf2 is a positive m-form on the oriented m-fold N. 

UN is compact it easily follows that [O] • [iV] = Re ld , where [Q] e £P"(M,1R) 
and [N] € H m (M,Z), and R = J N cos 6» Re n + sin 6> Im fl > 0. Thus the 
homology class [N] determines the phase e* e of N. 

The definition of SL m-fold used in the rest of the paper, Definition 12.91 is 
of SL m-fold with phase 1. If iV has phase e in (M, J, uj, Vi) then it has phase 
1 in (M, J, uj, e~ l6 n,), so if we are dealing with SL m-folds in only one homology 
class then we can rescale fi to make the phase 1. But when we consider several 
SL m-folds Ni, N2, . . . we cannot always take them to have phase 1. 

Using this notation, we rewrite Theorem 19.81 when n — 1 and q — 2, so that 
we take the connected sum X\jfXi of SL m-folds X\,Xi at one point x. 

Theorem 9.10 Let (M, J, u>, Q) be an almost Calabi-Yau m-fold for m > 2, 
and X\,Xi be compact, connected SL m-folds in M with the same phase e , 
which intersect transversely at x 6 M with type 1. Suppose {(M, J s ,lo s ,fl s ) : 
s 6 J 7 } is a smooth family of deformations of (M, J, uj, SI) with l* ({uj s }) = in 



H 2 (X k , R) for all k= 1,2 and s e T. Write 

[n s ] ■ [X k ] = R s k e l9 * for k = 1,2 and • ([Xi] + [X 2 ]) = R s e ir , (67) 



uj\n = and (sin# ReJ7 — cos 9 ImO)|Ar = 0, 



(66) 
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where Rf.,R s > and 6i, 9 s G K depend continuously on s with 9® = 9° = 9. 
Make T smaller if necessary so that R s kl 9 k , R s ,9 s are well-defined. Define 

G = {(s,t)eTx (0, 1) : R{ sm{9{ - 9 s ) = t m yj(x) m }. (68) 

Then there exist e G (0, 1), K > 1 and a smooth family 

{N s,t : (s, t) G Q, tG(0,e], |s|<t K+m / 2 }, (69) 

such that N s,t is a compact SL m-fold with phase e 10 in (M, J s , oj s , fi s ) diffeo- 
morphic to X\^X 2 , constructed by gluing a Lawlor neck L^* into X\ UX2 at 
x. In the sense of currents, N s,t — > X as s, t — > 0. // Xi, X2 are embedded and 
x is their only intersection point then X s '* is embedded. 

This follows from Thcorem l9 . 81 with X = X\ UX2, n = 1, x\ = x and A\ = 1, 
replacing (M, J, w, Q), (M, J s ,uj s , £l s ) by (M, J, w, e~ i9 ft), (M, J s ,u s ,e~ i0S £l s ) 
so that Xi,X2 and X s '* have phase 1. Equation l|64|) becomes 

[e" ies Irnfi 5 ] • [Xi] = i"V(a:) m and [e _w< ImO s ] • [X 2 ] = -t m if>(x) m . 

By <|67[) these are equivalent to 

sin(0f - 9 s ) = t m ip{x) m and R s 2 sin(^ - 6> s ) = -t m ip{x) m . (70) 

But i?f sin(0f - 9 s ) = -R s 2 sin{9 s 2 - 9 s ) as i?fe l9 i + ii|e^ = R^ e ^ s by (|67|). 
Thus both equations of l|7U|l arc equivalent, so we use only the first in (|68|l . 

We can interpret Theorem 19 . 1 01 like this. From (|67() we see that 9 s always 
lies between 9f and 9% for small sef. Thus making T smaller if necessary we 
can divide T into three regions: 

T+ = {s G T : 9{ > 9 s > d s 2 }, T~ = {s G T : 9{ < 9 s < 9 S 2 }, 

and T° = {s G J 17 : 9{ = 9 s = 9 S 2 }. ' ' ' ' 

If [Xi], [X2} are linearly dependent in H m (M, M.) then 9{ = 9 2 = giving 
= in (|68|l . and the theorem is trivial. 

So suppose [Xi], [X2] are linearly independent. Then for T suitably generic 
J 70 will be a smooth real hypersurface in J 7 , which divides T \ J-° into two open 
regions J 7 ^. Call J- + the positive side and the negative side of J 70 . Now 
#f — s is small close to J 70 in J 7 , and so sin(#f —9 s ) has the same sign as 9f — 9 s . 
Therefore Rf sin(6>f — 9 s ) — t m ij;(x) m in l|68|l admits a unique solution t > for 
small s if and only if 9f > 9 s , that is, if and only if s £ 

We thus have the following picture, described when m = 3 in Conjecture 
6.5 of [7j, which we have now proved. By Theorem 12 . 1 61 we can extend Xi,X 2 
to families of SL m- folds X k with phase e l ° k in (M, J s ,uj s ,£I s ) for k = 1, 2 and 
small s G JF, such that Xf , Xf intersect transversely with type 1 at x s G M 
close to x. On the hypersurface J 70 in the phases of Xf , X| are equal. 

On the positive side T + of J 70 there exist SL m-fold connected sums XfffX 2 
with phase e 10 . On the negative side T~ there are no such X*#X|. Thus, 
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as we cross hypersurfaces J-° in T where the phases of two SL m-folds X\ , X 2 
become equal, we create or destroy new SL m-folds Xi#X 2 by connected sum 
at points x where X 1, X2 intersect transversely with type 1 or m — 1. 

The conjectured invariant I3 : H 3 (M,Z) — > Q of [7] should change in a 
predictable fashion as we cross hypersurfaces J 70 , owing to the creation and 
destruction of SL homology 3-spheres. Theorem 19.81 also gives criteria for the 
existence of multiple connected sums Xi#X 2 # • ■ • #X q of SL m-folds. Using 
this I can derive a complete set of transformation rules for J3, and also extend 
the programme to all m ^ 3. I hope to write a paper about this soon. 



10 Stable T 2 -cone singularities in SL 3-folds 

We now study SL 3-folds with conical singularities modelled on the stable T 2 - 
cone C = C 3 L of Example 13.51 given by 

C={(z 1 ,z 2 ,z 3 )eC m :z 1 z 2 z 3 e [0,oo), 12x1 = 1221 = 1231}. (72) 

Example 16.91 gives three families of AC SL 3-folds L^ L with rate and cone C, 
which we will write as L a - for j = 1,2,3 and a > 0, given by 

L^={(z 1 ,z 2 ,z 3 )eC 3 :z 1 z 2 z 3 e[0,oo), \ Zl \ 2 - a = \z 2 \ 2 = \z 3 \ 2 } , (73) 
L a 2 = {( Zl ,Z2,z 3 ) G C 3 : ziz 2 z 3 G [0,oo), \ Zl \ 2 = \z 2 \ 2 - a = |z 3 | 2 }, (74) 
^ = {(z 1 ,z 2 ,z 3 )eC 3 :z 1 z 2 z 3 e[0,oo), \ Zl \ 2 = \z 2 \ 2 = \z 3 \ 2 - a}. (75) 

Then L° is diffeomorphic to S 1 xl 2 . 

Identify E = C n S 5 with T 2 = U(l) 2 by the map 

(e^,e ie2 )h~> (_i.e i9 S^e^,^e-^- i ^). (76) 

This identifies if^E.M) ^ iJ^T 2 ^) = M 2 . Under this identification, as in 
Example 16.91 we have Z{Lf) = for all j, a and 

y(LJ) = (7ra,0), = (O.tto) and = (-7TO, -tto). (77) 

For all j, a define a holomorphic disc -D" with C L° and area na by 

= {(«!, z 2 , z 3 ) G C 3 : |z,| 2 < o, z fe = for j^k}. (78) 

The cone C is interesting as it has three topologically distinct families of 
AC SL 3-folds asymptotic to it, giving three different ways to desingularize 
singularities of SL 3-folds with cone C . It is also significant as it is the only 
nontrivial example of a stable SL cone in C m known to the author. Mark Haskins 
has a proof that C is the only stable T 2 -cone in C 3 up to SU(3) isomorphisms 
(personal communication) . But SL m-folds with stable conical singularities have 
particularly good properties, as in Corollaries 15 . 31 and 18.81 
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The author discussed singular SL 3-folds with cone C in §3— §4] and [TT]. 
We can now prove some of the conjectures in these papers, and give nontrivial 
applications of Theorems l7.3l and l7.5l For simplicity we consider only SL 3-folds 
with one or two singular points, but the results of El apply to arbitrarily many 
singularities xi, . . . , x n . 

10.1 SL 3-folds with one T 2 -cone singularity 

We shall need a lemma on 3-manifolds with boundary. 

Lemma 10.1 Let N be a compact, oriented 3-manifold with boundary E. Then 
the natural map iJ^iVjM) -> fl' 1 (E,M) has image of dimension ^(E). 

Proof. Let N° — N \ E. The pair (N, S) has an exact sequence in cohomology 

> h\n,r) = h\n°,r) -> h\i:,wl) -> ff 2 s (iv ,R) (79) 

But H^N,^) = H^ S (N°,R)* and F^R) = ff^R)* by Poincare duality 
for N and E. These isomorphisms identify the map if^iVjR) -> F l (E,R) 
with the dual of the map iJ^E,^) -> H^ S (N°,R) in Hence the image of 

ff x (iV",R) -> ff x (E,R) has the same dimension as the cokernel of H X (E,R) -> 
H^ S (N°, R), and the lemma follows by exactness in 1)79(1. □ 

Consider the following situation, as in §4]. 

Definition 10.2 Let (M, J,ui,fl) be an almost Calabi-Yau 3-fold, and X a 
compact, connected SL 3-fold with exactly one conical singularity at x, with 
cone C in {72"Jl. Then X' = X \ {x} is connected. Let E = C n S 5 , and 
identify iJ 1 (S,R) = R 2 as above. Since X' is the interior of a compact, ori- 
ented 3-manifold X' with boundary E = T 2 , Lemma fl . 1 1 shows that the map 
if^X'.R) -> ff l (E,l) of (QUI has image R. 

Similarly, the map fl" 1 ^', Q) -> fl" x (E,Q) has image Q C Q 2 . Thus there 
exist coprime integers fci,&2) such that (k 2 ,—ki) 6 Z 2 C Q 2 C R 2 generates 
the images of i^pf^R) -» fl^E.R) and ff^X'.Q) -> iJ^E,^). Define 
fc 3 = -fci - fc 2 . By exactness in JTSJl, the map R 2 = iT^R) -> H^ S (X',R) 
has kernel ((fe, — ^l))- Therefore this map is given by 

(2/1,1/2) i-> (hyi + k 2 y 2 )x for some nonzero \ £ ffcs(^', R )- ( 80 ) 
Then ki,k 2 , k% and x ar e unique up to an overall change of sign. 

The integers ki,k 2 ,k% were introduced in [7J Def. 4.3]. We now carry out 
the topological calculations of SjSJfor desingularizing X by gluing in L° at 1. 

Proposition 10.3 In the situation of Definition UUM fix j = 1,2 or 3 and let 

Nj be the compact, nonsingular 3-manifold obtained by gluing L" into X' at x. 
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Use the notation of with n = 1 and L\ = L1-. Then Z\ = Z = {0} and 



((M))' 3 = 1, | v , =( , 

diml x ,=bi(X>), y 1 = {<(0.1)>, j = 2, y=^oJ } ^£ (81) 



.((1,1)), .7 = 3, 

= , : a > 0}, % = 0, j = I + 1, kj = 0, , . 



Proof. In [IHUas Lx = S 1 x M 2 and E x ^ T 2 we have i x = 1, &°(£i) = 1 and 
bl s (Li) — 0, and g = 1 as X' is connected. Thus l(54"|) gives dimi^ = 0, and 
Z C Zi, so Zi = Z = {0}, and Lemma gives dimX x / = bl s (X'). 

Now C ff^E.R) = K 2 is the image of H^L^R) -> ff^E.R) by Defini- 
tion and calculation shows it is as in JSTJ. But the image of H 1 (X',R) — > 
if 1 (E,R) is ((fe,— ki)) by Definition IIP. 21 and y is the intersection of this 
image with 3^. As k% = — k\ — ki, we see that y is as given in l|81|l . 

Equation gives dimA^ = 1, so M° Ll = : a > 0}. But by 
as Z\ = {0} we see that is the subset of L\ e -M^ with Y(Li) e ^, so 
<|81|) gives the first equation of (|82|l . The second equation of i|82[) follows from 
Proposition since dim^ is 1 if kj — and if kj ^ by 1)81(1 . □ 

Now from jO is the family of AC SL 3-folds Li which satisfy the 
hypotheses of the desingularization results of fJ7| Thus if kj = 0, applying 
Theorem 17.31 with L\ = Lj gives: 

Theorem 10.4 Suppose (M, J, u>, f2) is an almost Calabi-Yau 3-fold, and X 
a compact, connected SL 3-fold with exactly one conical singularity at x, with 
cone C in l|72jl. Let fci, &2, ^3 & e Definition \10.HH and suppose kj = /or 

j = 1,2 or 3. T/ien exists e > and a smooth family {iVj : f 6 (0,e]J 

o/ compact SL 3-folds in (M, J, w, 17) constructed by gluing into X at x. In 
the sense of currents, Nj — + A as t — > 0. 

If kj ^ then for topological reasons there exist no Lagrangian 3-folds 
constructed by gluing iL] into X at x, and hence no SL 3-folds Nj. As the kj 
are not all zero and k\ + k2 + k^ = there can be at most one j with kj = 0. 

In the situation of Theorem llU.4l by Corollar v !5 . 31 and l|81l) the moduli space 
M. x of deformations of A is a smooth manifold of dimension b\ s {X'), and by 
Theorem l2 . 1 Ul and (|82|l the moduli space M. N . of deformations of Nj is a smooth 
manifold of dimension 6^ S (A') + 1. 

Hence the singularities of X have index one in the sense of i)8.3l and M Nj 
is near A a nonsingular manifold with boundary A4 X - So in this case we have a 
very good understanding of the boundary dM Nj of J\4 N , as discussed in fjBl 

Following 7, §3.3] we can explain why iVj becomes singular as t — » 0, using 
the D°: of J7HJ). As iVj is made by gluing L* into A at x, and there is a 
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holomorphic disc -D* with area irt 2 and 5D* C £*■ , we expect there to exist a 
holomorphic disc D* with area irt 2 and dD l C Nj, for small t. 

As t — > the area of Z)* goes to zero, and £)* collapses to a point. Its 
boundary 5 1 in Nj also collapses to a point, giving the singular SL 3-fold X. The 
author expects that singularities with cone C are the generic kind of singularity 
of SL 3-folds occurring when areas of holomorphic discs become zero. 

10.2 SL 3-folds with one T 2 -cone singularity in families 

Next we apply Theorem 17.51 to desingularize SL 3-folds with one singularity x 
with cone C in families of almost Calabi-Yau 3-folds (M, J s ,oj s , il s ). 

Theorem 10.5 Suppose (M, J, w, O) is an almost Calabi-Yau 3-fold, and X a 
compact, connected SL 3-fold with exactly one conical singularity at x, with cone 
C in (|72(l . Let k\ , &2 , &3) X be as i n 

DeRnition UUli Suppose {(M, J s ,ui s ,fl s ) : 
s G J-} is a smooth family of deformations of [M, J,u),Vt) with 

[ImO s ] • [X] = for all s G T, where [X] € H 3 (M,R). (83) 

Let i* : H 2 (X, R) — > H2(M,R) be the inclusion, fix j = 1,2 or 3, and define 

g j = {(s,t)eTx{0,l):[u; s }-i r ( 7 )=TTt 2 k J (x--f)forall 7 eH 2 (X, R) } . (84) 

TTien i/iere exist e £ (0, 1), /t > 1 and G (0, 2) and a smooth family 

*e(0,e], |s| < (85) 

smc/i iftai 2V?' is a compact SL 3-fold in (M, J s ,uj s , f2 s ) constructed by gluing 
La into X at x. In the sense of currents, N?' — > X as s,t — > 0. 

Proof. We apply Theorem 17.51 with L\ = Lj. As X is connected, X' is con- 
nected. Equation JEHJl gives JHJ. The values of Y(L'j) in M) ^ R 2 are 
given in JHl, and the map fl^EjR) -» i/ 2 s (X',R) is given in (jHTTfl. Combining 
these two shows that the image of Y(L°j) in H 2 S (X',R) is Trafej x- Thus putting 
a = 1 as L\ = Lj, we have = 7rfcj- % in Theorcm l7.5l and so C/ 3 in (|84|1 agrees 
with in l|51|l . The result then follows from Theorem l7.5l □ 

We now specialize to the case that bl s (X') = 0. Then b 2 (X') = by (Q , 
so lfTS|) gives an exact sequence 

-> H\X',R) -> ^(Ej.K) = M 2 -» iJ 2 s (X',R) -> 0. 

As b^X') = b 2 cs (X') by (PJ|, this gives = b 2 cs (X') = 1. 

Now iJ 2 (X,R) =■ ff 2 s (X',R)* = 1 by {25, and x ^ by (JHOJ - Thus 
there exists a unique 70 G H2(X,W) with x ' 7o = 1- The condition [ui s ] ■ 
— Trt 2 kj(x ■ 7) for all 7 G Hs(X,'E.) in l|84(l then becomes the single real 
equation [u> s ] ■ t*(7o) = irt 2 kj. 
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As in J7TJ, let us divide the family T into three regions: 

= {seT:[u; s }-^( 10 )>0}, F- = {seF: [u s ] ■ i*( l0 ) < 0}, 

and J=° = {seF: [lu s ] ■ l*( 1o ) = 0}. '* S,,! 

If i*(7o) 7^ and J 7 is sufficiently generic, then J 70 will be a smooth real hy- 
persurface in J 7 , which divides T \ J 70 into two open regions J- ± . Call J- + the 
positive side and .T 7- the negative side of JF°. 

We investigate the existence of deformations X s and desingularizations 
of X in (M, J s ,u> s , fl s ), for small s in each of these regions. 

(a) From §5\ a necessary condition for the existence of any SL 3-fold X s with 
a conical singularity isotopic to A in (M, J s ,uj s ,n s ) is that i*(7) • [uj s ] = 
for all 7 e #2 (A, M). Thus, such X s can exist only if s e J" . 

As diml x < = 6^ S (A') = 0, Corollarv l5.8l then shows that for small s G J 70 , 
there is a unique deformation X s of A close to A in (M, J s ,uj s , £l s ). 

(b) If s G JT° then [a/] • i*( 7 o) = irt 2 kj has solutions t > if and only if 
fcj = 0, and then any f > is a solution. For small s € .7 70 we may apply 
Theorem 110.41 to the unique X s above to get a 1-parameter family of SL 
3-folds Nj<* in (M, J s ,u s ,n s ) for small i > 0, with 6 1 (i\T/'*) = b 1 ^) = 

(c) If s G JF + then • i*(7o) = Trt 2 kj has a unique solution t > if and only 
if fcj > 0. Theorem I1U.5I then shows that a desingularization AJ' 4 exists 
provided t ^ e and |s| ^ i 15 , which is unique as 6 1 (Aj i ' t ) = 6 1 (A J ) = 0. 

By applying Theorem I ID. 51 not just to A but to X s for small s G J 70 , one 
can show that such AJ'* actually exist for all small s G T + . 

(d) If s G .T 7- then \uo s ] ■ t*(7o) = 7rf 2 fcj has a unique solution f > if and only 
if kj < 0. As for s G J- + , we find that a unique desingularization Nj'* 
then exists for small s G .T 7- . 

As fei, k2, /C3 are not all zero with ki + k2 + k^, = 0, there is at least one kj < 0, 
and at least one kj > 0. Suppose k\ < and fc2,&3 > 0, for example. Imagine 
s E J- moving along a curve near starting in !F~ , crossing J-° and ending in 
T + . Then initially there is one SL homology 3-sphere N[<* in (M, J s , uj s , VI s ). 
As s crosses T° this SL 3-fold collapses to a singular SL 3-fold X s , with a conical 
singularity with cone C . 

As s moves into J- + it is dcsingularized in two topologically distinct ways 
to give two SL homology 3-spheres N% , A3' . We have found a process by 
which one SL homology 3-sphere can turn into two SL homology 3-spheres as 
we deform the underlying almost Calabi-Yau 3-fold (M, J s , uj s , fi s ). This was 
described in [7J §4.2], and we have now proved [7J Conj. 4.4]. 

In [7J Prop. 4.5] we compute Hi(X,Z), Hi (Nj , Z) and show: 

Proposition 10.6 In t/ie situation of Definition HUM let Nj be the compact, 
nonsingular 3-manifold obtained by gluing Lj into X' at x, for j — 1,2,3. 
Suppose 6^ S (A') = 0. Then Hi(X,Z) is finite. If kj ^ then H\(Nj,Z) is also 
finite with \H 1 {Nj,Z)\ = \k j \-\H 1 (X,Z)\. 
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In the situation above with k\ < and k 2l k 3 > 0, as k\ + k 2 + fc 3 = we 
have |fci| = \k 2 \ + |fc 3 |, and therefore \Hi(N u Z)\ = |i?i(AT 2 , Z) | + \Hi(N 3 ,Z)\ 
by Proposition 110.61 Now \Hi(Nj,Z)\ is the number of flat U(l)- connections 
on iV 3 -. Thus when TV-f'* turns into JV^' and N^' , the number of SL homology 
3-spheres with fiat U(l)-connections does ?ioi change. 

This is physically significant since 3-branes in String Theory correspond in 
a classical limit to SL 3-folds with flat U(l)-connections, as in [23 for instance. 
The proposal of [7| is to count SL homology 3-spheres with flat U(l)-connections 
in a given homology class. We have shown that this number is conserved under 
a nontrivial kind of transition in the family of SL homology 3-spheres. 

10.3 SL 3-folds with two T 2 -cone singularities 

Next we study SL 3-folds with two singularities with cone C . 

Definition 10.7 Let (M, J, cj,0) be an almost Calabi-Yau 3-fold, and X a 
compact, connected SL 3- fold with exactly two conical singularities at xi,x 2 , 
both with cone C in J22J. Then X' = X \ {xi,x 2 } is connected. Write Ei, £2 
for the two copies of E = C (~l S 5 at xi,x 2 , and identify i? 1 (Ei,R) = R 2 as 
above. Write elements of i? 1 (Ei, R) © H 1 (E 2 ,R) = R 2 © R 2 as ((«, v), (y, z)) . 

Since X' is the interior of a compact, oriented 3-manifold X' with boundary 
Ei UE 2 , the map H l (X',R) -> iJ^E^R) ©iZ" 1 (E 2 ,R) of (JTHJ has image R 2 by 
Lemma H0.il Choose a basis ((ui, t>i), (j/i, 21)) , ((u 2 , v 2 ), (y 2 , z 2 )) for this image. 
As it is also a basis over R for the image of if 1 (A', Q) -» iJ 1 (E 1 ,Q)ffii? 1 (E 2 ,Q) 
we can take tti, . . . , z 2 £ Q. 

Let ai,a 2 be closed 1-forms on X' such that the images of [oci], [a 2 ] in 
if^EijR) © iJ 1 (E 2 ,R) are this basis. Then a% A a 2 is a closed 2-form on X', 
an oriented 3-manifold with boundary Ei U E 2 , so by Stokes' Theorem we have 
isiu£ 2 ai ^ a2 = ^' gi yes t ne consistency condition 

ui« 2 - m 2 ui + 2/12:2 - V2Zi = 0. (87) 



Applying Theorem 17 . 31 gives a necessary and sufficient criterion for when we 
can desingularize X by gluing in AC SL 3-folds L°-^L°j* at x\,x 2 - 

Theorem 10.8 Suppose (M, J, w,f2) is an almost Calabi-Yau 3-fold, and X 
a compact, connected SL 3-fold with exactly two conical singularities at x\,x 2 , 
both with cone C in (|72|) . Let u\ , . . . , z 2 be as in Definition \10. 7[ Choose 
ji,j 2 — 1,2,3 and a\,a 2 > 0, and set Li — Lj< for i = 1,2. Then there exists 
e > and a smooth family {A* : t £ (0, e]} of compact SL 3-folds in (M, J, w, f2) 
constructed by gluing tLi into into X at Xi if and only if 

(y(Li),y(L 2 )) G (((u 1 ,v 1 ),(y 1 ,z 1 )),((u 2 ,v 2 ),(y 2 ,z 2 ))) cR 2 ©R 2 , (88) 

where Y(Li) are given in (|77|l . In the sense of currents, A* — * X as t — > 0. 
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Here g exists in Theorem 17 .31 if and only if (Y(Li), F(Z 2 )) lies in the image 
of^iX'^R) -> H 1 (T,i,R)®H 1 (E2,R), that is, if and only if JHEl holds. We are 
interested in how many topologically distinct ways of desingularizing X there 
are, and in the index of the singularities of X. 

Let us use the notation of SJU so that T x > is the image of H^ S (X',M) in 
H 1 ^' ,M), and M. x the moduli space of deformations of X in (M, J, w, O) as 
in and N the compact 3-manifold obtained by gluing Li = into X at ir, 
for i = 1,2, and yV( N the moduli space of deformations of in (M, J, u>, fi). 

Corollary 15.31 and Theorem 12 . 1 Ul show that M. x and M N are smooth with 

dimM x = diml x > and dim A4 W = ^(N). (89) 

As g = h = Z 2 = 1, Lemma [8.31 gives diml x / = bl s (X') — 1. Equation l|54|l 
shows that Zi = Z = {0} and dim^i = 1, so that X = (Y(Li)). Therefore 

y=<(y(£i),0),(0 j y(i 2 )))n<((ui 1 t;i),(ift,« 1 )) J ((« 2 ,%) J (y2 J za))). (90) 

Proposition 18.61 then gives 

b x (AT) =dimy + &cs(^')- 1 = dim 3 ; + diml x /, (91) 

so that dimyVf N = dim.M x +dim3 ; , and ind(X) = dim^ in the sense of H8.3I 

For generic u\,...,Zi there will be no choices of ji, ]2, o,\, 02 for which l|88|l 
holds, and so no way to desingularize X in (M, J, w, f2). Here are four examples 
where other things happen. 

Example 10.9 Suppose u\, . . . ,Z2 are given by 

(yi, zi)) = ((1, 0), (0, 0)), ((« a , «2), (tfe, *a)) = ((0, 0), (1, 0)), (92) 

so that (|87|l holds. Then we can desingularize X using L\ = i" 1 and L2 = L\ 2 
for any 0,1,0,2 > 0, with ind(X) = dim y = 2. We must have ji = 22 = 1, so 
there is only one topological possibility. 

Example 10.10 Let {[u x , v x ), (j/i, Zi)) = ((1, 0), (r, 0)) for r > in Q, and 
((u 2 , V2), (j/2) z 2 )) be generic with u 2 +rz 2 =0. The only way to desingularize X 
is with L\ — L\ and L 2 = L\ a for a > 0, with ind(X) = dim y = 1. 

Example 10.11 Let r > be in Q with r 1, and let 

(ift, «i)) = ((1, 0), (0, r)), ((u a , wa), (y 2 , z 2 )) = ((0, r), (1, 0)). (93) 
Then there are exactly two topologically distinct ways to desingularize X: 

(a) ji = 1, j'a = 2, ai = a > 0, a 2 = ra > 0, £1 = L\ and L 2 = L™) 

(b) ji = 2, j 2 = 1, ai = ra > 0, <z 2 = a > 0, L\ = L r 2 a and L 2 = L\. 
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Both have md(X) = dim^ = 1. 

Example 10.12 Suppose ui, . . . are given by 

((«!, v x ), z x )) = ((1, 0), (0, 1)), ((« a , «a), (y 2 , z 2 )) = ((0, 1), (1, 0)), (94) 

which is the case r = 1 in Examplc llO.llI Then there are exactly three topolog- 
ically distinct ways to desingularize X, each with ind(JT) = dim y = 1: 

(a) ji = 1, j 2 = 2, ai = a 2 = a > 0, Li = Lf and L 2 = L%, 

(b) ji = 2, j 2 = 1, ai = a 2 = a > 0, L\ = if and L 2 = LJ, 

( c ) Ji = J2 = 3, ai = a 2 = a > 0, and L\ = L 2 = L%. 

We can explain this using the holomorphic discs Dj of JJSJl. For each 
desingularization TV* when t is small, we expect there to exist unique holomor- 
phic discs -D',D| in (M, J), where D' is near Xi, has area 7ra,i and boundary 
dD\ C iV* for i = 1, 2. 

In Example 1 1 . 91 the homology classes [9-Df], [<9-D|] € Hi(N t ,M.) are linearly 
independent. Therefore by deforming iV as an SL 3-fold we can vary the areas 
of D\,D\ independently. These two areas give two real parameters for the 
desingularization of X, which is why ind(X) = 2. 

However, in Examples HU.10l|l0.12l the homology classes [<9D*], [<9D 2 ] are 
proportional in Hi(N t ,M.). This forces area(D|) = c • area(D*) to hold under 
deformations of iV*, where c = r in Example II (J. 101 and part (a) of Example 
110.111 c = r- 1 in part (b) of Example HUTTl and c = 1 in Example HUTU In 
particular, the areas of D\,D\ can only become zero simultaneously. 

Therefore the two singularities xi,x 2 in X are not independent, but coupled 
together. For an SL to- fold X with conical singularities x%, . . . ,x n one might 
naively expect each Xi to be desingularized separately, and ind(X) to be the sum 
of contributions from each xi. But in Examples ll0.1UlllU.12l we see that x%,X2 
can only be desingularized together, and ind(X) — 1 is not a sum of separate 
contributions from Xx,x%. 

In Examples I1U.10I - HT).12I the moduli spaces A4 X , M. N are smooth with 
dim.A/fiv = dim .M x + 1- Therefore A4 N is near X a nonsingular manifold 
with boundary A4 X - So we have a good understanding of the boundary dA4 N of 
M N , as in fJHl It is also interesting that in Examples 110.111 and lit). 121 we have 
two or three different moduli spaces A4 N with common boundary M x - 

Finally we discuss the ideas of on SL fibrations of (almost) Calabi-Yau 
3-folds, as required by the SYZ Conjecture [21]. Let (M, J, w,fi) be an almost 
Calabi-Yau 3-fold and / : M — ► B an SL fibration. That is, B is a compact 
3-manifold, / is continuous and piecewise smooth, and for some A C B with 
B\A open and dense the fibres X^ = / _1 (&) are SL 3-tori for b G B \ A, and 
singular SL 3-folds for b £ A. 

The idea of (lit §7— §8] is that for u> generic in its Kahler class, A should 
be of codimension 1 in B, and for & £ A generic Xj, should have 2 (or In) 
singularities with cone C, as in Dcfinition ll0.7l Then A is locally a hypersurface 
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which divides B\A into two pieces. These are two different moduli spaces of SL 
3-tori with common boundary A, as in Examples 110.111 and 110.121 Our results 
provide a partial proof of speculations in ^2 §8. 2(a)]. 
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